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Mixed Convection Flow of Viscoelastic Nanofluid Past a Horizontal Circular 
Cylinder with Viscous Dissipation

(Aliran Olakan Campuran Bendalir Nano Likat melalui Silinder Bulat Mengufuk dengan Pelepasan Likat)
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ABSTRACT

The purpose of this study was to examine the effect of viscous dissipation on mixed convection flow of viscoelastic 
nanofluid past a horizontal circular cylinder. Carboxymethyl cellulose solution (CMC) is chosen as the base fluid and 
copper as a nanoparticle with the Prandtl number Pr = 6.2. The transformed boundary layer equations for momentum 
and temperature subject to the appropriate boundary conditions are solved numerically by using Keller-box method. The 
influenced of the dimensionless parameters such as Eckert number, mixed convection parameter, nanoparticles volume 
fraction and viscoelastic parameter on the flow and heat transfer characteristics is analyzed in detail and presented 
graphically. The results come out with the velocity profiles are increased while the temperature profiles are decreased 
by increasing the values of nanoparticles volume fraction and viscoelastic parameter, respectively. The graph shows 
that, increasing Eckert number the skin friction is also increases. The values of skin friction are increased by increasing 
mixed convection parameter, but the values of Nusselt number produce an opposite behavior. The present study has many 
applications especially in heat exchangers technology and oceanography. Therefore, in future, it is hoping to study the 
viscoelastic nanofluid flow past a different geometric such as sphere and cylindrical cone.
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ABSTRAK

Tujuan kajian ini adalah untuk mengkaji kesan pelesapan likat pada aliran olakan campuran bendalir-nano likat kenyal 
melepasi sebuah silinder membulat yang mengufuk. Larutan selulosa karboksimetil (CMC) dipilih sebagai bendalir 
dasar dan tembaga sebagai nano zarah dengan nombor Prandtl Pr = 6.2. Persamaan lapisan sempadan yang diubah 
untuk momentum dan suhu tertakluk kepada syarat sempadan yang bersesuaian diselesaikan secara berangka dengan 
menggunakan Kotak-Keller. Kesan pemboleh ubah tanpa matra seperti nombor Eckert, parameter olakan campuran, 
pecahan isi padu nano zarah dan parameter likat kenyal ke atas aliran dan sifat pemindahan haba dianalisis secara 
terperinci dan dibincangkan secara grafik. Keputusan menunjukkan bahawa profil halaju meningkat manakala profil 
suhu menurun masing-masing dengan peningkatan nilai pecahan isi padu nano zarah dan parameter likat kenyal. 
Graf menunjukkan bahawa dengan peningkatan nombor Eckert, geseran kulit juga meningkat. Nilai geseran kulit 
meningkat dengan peningkatan parameter olakan campuran, tetapi nilai nombor Nusselt menghasilkan tingkah laku 
yang bertentangan. Kajian semasa ini mempunyai banyak aplikasi terutamanya dalam teknologi penukaran haba dan 
oseanografi. Oleh itu, pada masa akan datang, diharapkan dapat mengkaji aliran bendalir-nano likat kenyal melepasi 
geometri yang berbeza seperti sfera dan kon bersilinder.

Kata kunci: Bendalir-nano; likat kenyal; pelesapan likat; silinder bulat mengufuk

INTRODUCTION

The concept of nanofluid was first manifested by series 
of research at Argonne National Laboratory and Choi 
and Eastman (1995) was the first to call the fluids with 
particles of nanometer dimension suspended in them as 
‘Nano-fluids’ which has gained popularity. Nanoparticles 
used in nanofluid can be classified by materials. The 
nanoparticles are consisting of nano sized metals, oxides 
and carbon nanotubes. Recently, study of nanofluid has 
become most popular among researchers’ due to its 
various applications in many industries, engineering 
and medical sciences. Basically, this kind of fluid have 

extremely high thermal conductivities compared to the 
conventional liquids, then nanofluid has been proposed 
as a route for surpassing the performance of heat transfer 
liquids. Many researchers had involved in the study of 
boundary layer flow problem in nanofluid such as Ahmad 
and Pop (2010)Al2O3 (aluminium, Khan and Pop (2010), 
Nield and Kuznetsov (2009), Noghrehabadi et al. (2012), 
Rashad et al. (2013), Qasim et al. (2013) and Zaib et al. 
(2015). Recently, Hayat et al. (2016) investigated mixed 
convection flow of viscoelastic nanofluid past a cylinder 
with variable thermal conductivity and heat source/sink. 
In reality, most fluids are non-Newtonian. Non-Newtonian 
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fluid means that their viscosity is dependent on shear rate 
(thickening) or the deformation history. Nowadays, the 
non-Newtonian nanofluid has received much considerable 
interest and concern by the researchers’ due to the 
potential of nanofluid applications in many types of 
industry. Bouchoucha and Bessaih (2015) and Mabood 
et al. (2016) had studied some interesting problems 
involving the non-Newtonian nanofluid with various 
conditions and geometries.
 In all investigations as mention before, the viscous 
dissipation effect is neglected. The viscous dissipation 
is appreciable when the induced kinetic energy becomes 
significant compared to the amount of heat transferred 
according to Gebhart (1962), the first researcher who 
studied about viscous dissipation in free convection 
flow. Then, the viscous dissipation effect on unsteady 
free convective flow over a vertical porous plate was 
then investigated by Soundalgekar (1972). Recently, 
Dalir (2014) considered the numerical study of entropy 
generation for forced convection flow and heat transfer of 
Jeffrey fluid over a stretching sheet. Very recently, Zokri 
et al. (2017a, 2017b), considered magnetohydrodynamic 
(MHD) Jeffrey nanofluid past a stretching sheet with 
viscous dissipation effect and numerical solution on 
mixed convection boundary layer flow past a horizontal 
circular cylinder in Jeffrey fluid with constant heat flux, 
respectively. Motivated from the literature studies, in 
this present study, the steady two-dimensional mixed 
convection boundary layer flow past a horizontal circular 
cylinder in viscoelastic nanofluid with viscous dissipation 
is investigated. Considering Tiwari and Das (2007), the 
influence of mixed convection parameter, viscoelastic 
parameter, viscous dissipation and nanoparticles volume 
fraction on the boundary layer flow of viscoelastic 
nanofluid are analysed. 

MATERIALS AND METHODS

In this paper, the mixed convection boundary layer flow 
past a horizontal circular cylinder of radius a placed in a 
viscoelastic nanofluid with viscous dissipation is studied. 
Figure 1 illustrates the geometry of the problem and the 
corresponding coordinates system.
 It is assumed that the constant temperature of the 
surface of the cylinder is Tw and that of the ambient fluid 
is T

∞
, where Tw > T

∞
 corresponds to a heated cylinder 

(assisting flow) and Tw < T
∞
 corresponds to a cooled 

cylinder (opposing flow), respectively. Furthermore,  
following Merkin (1977), the velocity of the freestream 
is assumed as (1/2)U

∞
. Under these assumptions along 

with the Boussinesq approximation, the boundary layer 
equations can be written as Merkin (1977), Nayak (2016) 
and Nazar et al. (2002);

  (1)

   

 
 

  (2)

  
 

  (3)

subjected to the boundary conditions:

   = 0,    = 0,   T = Tw   at     = 0,    ≥ 0,

  = e( ),    T = T
∞
  as    →∞,   ≥ 0, (4)

where  and  are the Cartesian coordinates along the 
surface of the cylinder. The value is starting from the lower 
stagnation point of the cylinder. While  is the coordinate 
measured normal to the surface of the cylinder;  and  
are the velocity components;  is the velocity outside 
the boundary layer; μ is the dynamic viscosity; g is the 
gravity acceleration; T is the temperature of selected fluid; 
k0 > 0 is the constant of the viscoelastic material (Walter’s 
Liquid-B model); ρnf and μnf are the density and dynamic 
viscosity of nanofluid; (β)nf is the thermal expansion of 
nanofluid; knf is the effective thermal conductivity of the 
nanofluid; and (ρCp)nf is the heat capacitance of nanofluid. 
These nanofluid constants are defined by,

 

 

 
    

FIGURE 1. Physical model and coordinates system
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  (5)

where φ is the nanoparticles volume fraction of the 
nanofluid. The thermophysical properties of nanoparticle 
and base fluid is given in Table 1 (Lin et al. 2014).
 By introducing the following non-dimensional 
variables;

 x =  / a,    y = Re1/2(  / a),    u =  / U
∞
,

 v = Re1/2(  / U
∞
),    ue(x) = e( )/U

∞
,

 θ = (T – T
∞
) / (Tw – T

∞
)  (6)

where Re = U
∞
a/υ is the Reynolds number; and υ is 

kinematic viscosity and substitute (6) into (1) to (3), the 
dimensionless equations are obtained as,

        
  (7)

  

  

  

  

  (8)

  

 

(9)

with the new boundary conditions,

 u = 0,   v = 0,   θ = 1    at   y = 0,  x ≥ 0,

  u = ue(x),    θ = 0  as  y → ∞, x ≥ 0.
(10)

where  is an Eckert number,  

is the Prandtl number,  is the dimensionless 

viscoelastic parameter, φ is the nanoparticles volume 
fraction of the fluid and   is the constant mixed 

convection parameter, where Gr = gβ(Tw – T
∞
)a3 / v2  

is known as a Grashof number. λ > 0 is correlate to an 
auxiliary flow while  λ < 0  is correlate to the opposing 
flow, whereas λ = 0 is correlate to the forced convection 
flow, respectively. In this problem, when K = 0 is referred 
to the case of viscous (Newtonian) fluids.

In order to solve (7) to (9), functions

 ψ = xF(x, y),    θ = θ(x, y),  (12)

are introduced where ψ is the stream function defined as

       (13)

By using (12) and (13) into (8) and (9), we obtained

 

 (14)
       

TABLE 1. Thermophysical properties of nanoparticles and base fluid

Physical properties ρ(kg m-3) Cp(J kg-1K-1) k(Wm-1K-1) β × 105(K-1)

Base Fluid (CMC)
Nanoparticle (Cu)

997.1
8933

4179
385

0.613
401

21
1.67



1620 

  (15)

which are subject to the following boundary conditions,

 F = 0,    θ = 1,    at  y = 0, x ≥ 0,

     θ = 0, as  y → ∞,  x ≥ 0.   
(16)

 At the lower stagnation point of the cylinder, x ≈ 0, (14) 
and (15) are reduce to the following ordinary differential 
equations,

(17)

 
(18)

with the boundary conditions

 f (0) = 0,       f ́(0) = 0,   θ́(0) = 1

 f ́(∞) = 1,    f ̋(∞) = 0,   θ(∞) = 0, (19)

where primes denote the differentiation with respect to y.
 The physical quantities interest of this problem is the 
Nusselt number Nux and the skin friction coefficient Cf , 
that are defined as,

 ,      (20)
  

where the surface shear stress or skin friction and the 
surface heat flux are given by,

         
 

  (21)

By substituting (6) and (18) into (17), we obtained 

 ,  . (22)
 

RESULTS AND DISCUSSION

The systems of (14) - (16) and (17) - (19) were solved 
numerically using the finite different scheme method 
known as Keller-box method. Four parameters are 
considered, namely the Eckert number Ec, mixed 
convection parameter λ, nanoparticles volume fraction 
φ as well as viscoelastic parameter K. Figures 2 and 3 
show the comparison values of skin friction   and 
Nusselt number  with previous results by Merkin 
(1977) and Nazar et al. (2002) when the viscous dissipation 
effect and viscoelastic is neglected, which is Ec = 0 and 
K  = 0, respectively. It is worth to mention that the Keller-
box method is efficiently and very accurate to solve this 
problem since the results is in a good agreement. 
 Figure 4 displays the temperature profiles for different 
values of λ. From the graph, it is found that thermal 
boundary layer thickness decreases when λ increases. This 
is due to decrease in thermal diffusivity which reduced the 
energy ability and the thermal boundary layer thickness. 

FIGURE 2. Comparison of the skin friction for K = 0 
(Newtonian fluid), Pr = 1, φ = 0, Ec = 0 and 

different values of λ
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Figures 5 and 6 show   and   for  K = 
1, λ = 1 and various values of Ec with the presence of 
nanoparticles volume fraction, φ = 0.1. In Figure 5, it 
is found that   is unique for all values of Ec. The 
graph shows that the influenced of Ec on   as Ec 
increases, the graph of   is also increases. Figure 6 
shows that the graph of   decreases as the value of 
Ec increases. Both results of   and   show 
the same behavior as reported by Mohamed et al. (2016)  
for viscous fluid.
 Finally, Figures 7 - 10 illustrate the velocity and 
temperature profiles for the various values of φ and λ, 
respectively. These figures show the influenced of φ and λ 
on the fluid velocity and temperature profiles. The results 
show that by increasing the value of φ, velocity profiles 
increase but temperature profiles decrease as shown in 
Figures 7 and 8. Meanwhile, Figures 9 and 10 show the 
effect of viscoelastic parameter K on the fluid velocity and 
temperature profiles. The velocity profiles decrease when K 
is increased and that the values of these profiles are lower 
for a viscoelastic fluid compared to a Newtonian fluid (K = 
0). Therefore, the thickness of the velocity boundary layer 
for a viscoelastic fluid is higher compared to a Newtonian 
fluid.

FIGURE 3. Comparison of the Nusselt number for K = 0 
(Newtonian fluid), Pr = 1, φ = 0, Ec = 0 

and different values of λ

FIGURE 4. Temperature profiles for different values of λ with 
Ec = 0.1, K = 1 and φ = 0.1

FIGURE 5. Skin friction coefficient for different values of Ec 
with λ = 1, K = 1 and φ = 0.1

FIGURE 6. Nusselt number for different values of Ec with λ = 1, 
K = 1 and φ = 0.1

FIGURE 7. Velocity profiles for different values of nanoparticles 
volume fraction φ with λ = 1, K =1 and Ec = 0.1

CONCLUSION

In this paper, the mathematical modelling of mixed 
convection boundary layer flow of viscoelastic nanofluid 
past a horizontal circular cylinder with viscous dissipation 
has been solved numerically using Keller-Box method. It is 
shown that the viscoelastic parameter K, Eckert number Ec, 
nanoparticles volume fraction φ and the mixed convection 
parameter λ affected the values of the Nusselt number 
and skin friction coefficient as well as the velocity and 
temperature profiles.
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 As a conclusion, by increasing λ thermal boundary 
layer thickness reduces. This is due to decrease in thermal 
diffusivity which reduced the energy ability and the thermal 
boundary layer thickness. The effect of Eckert number Ec 
on the skin friction and Nusselt number show the opposite 
behaviour for each others. 
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FIGURE 8. Temperature profiles for different values of 
nanoparticles volume fraction φ with λ =1, K = 1 and Ec = 0.1

FIGURE 9. Velocity profiles for different values of K when λ = 1, 
Ec = 0.1 and φ = 0.1

FIGURE 10. Temperature profiles for different values of K when 
λ = 1, Ec = 0.1 and  φ = 0.1
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