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ABSTRACT

In this paper, we obtain some sufficient conditions for the oscillation of all solutions of first 
order neutral delay differential equations. The results attained improve and generalise some of 
existing results in the literature. Some examples are presented to illustrate our results.
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ABSTRAK

Dalam makalah ini, diperoleh beberapa syarat cukup untuk ayunan bagi penyelesaian persamaan 
pembezaan tunda neutral peringkat pertama. Hasil yang diperoleh dapat menambah baik dan 
mengitlak beberapa keputusan yang sedia ada dalam susastera. Beberapa contoh dikemukakan 
bagi menjelaskan hasil tersebut.

Kata kunci: ayunan; bukan ayunan; persamaan pembezaan tunda neutral; peringkat pertama

1.	 Introduction

A neutral delay differential equation (NDDE) is a differential equation in which the highest 
order derivative of the unknown function appears in the equation both with and without 
delays. Recently, increasing numbers of investigations have been carried out in studying the 
oscillation of NDDEs Agarwal et al. (2004), Candan and Dahiya (2009), Gyori and Ladas 
(1991), Karpuz and Ocalan (2008), Zhou (1999) studied oscillation criteria, while Parhi and 
Rath (2001), Gopalsamy and Zhang (1990), Tanaka (1999; 2002), Yu et al. (1992) focused 
on the nonoscillatory solutions. The study of oscillatory behaviour of solutions of NDDEs 
has some important applications, such as networks containing lossless transmission lines, 
modelling of the transformation of information, and the theory of automatic control (Driver 
1984; Hale 1977; Sficas & Stavroulakis 1987; Ocalan 2009; Erbe et al. 1995). 

Consider the first order NDDE of the form 

( ) 0( ) ( ) ( ) ( ) ( ) 0, ,r t x t px t q t x t t tτ σ′ + − + − = ≥   (1)

where

[ ) ( )0[ , ] , , 0, ,r q C t ∈ ∞ ∞   
, , .p τ σ +∈ ∈  					       (2)

The oscillatory solutions of (1) have been investigated by a number of researchers and 
some sufficient conditions for the oscillatory and nonoscillatory solutions have been obtained 
(Grammatikopoulos et al. 1986; Kubiaczyk & Saker 2002; Saker & Elabbasy 2001; Graef et 
al. 1986).

Let { }στ ,max=m . By the solution of (1), a function [ )1 , ,x C t m∈  − ∞    for some 

01 tt ≥  such that ( ) ( )x t px t τ+ − is continuously differentiable and (1) is identically satisfied 
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for 01 tt ≥ . Such a solution of (1) is said to be oscillatory if it has arbitrarily large zeros and 
nonoscillatory if it is eventually positive or eventually negative.

The main objective of this article is to give some new sufficient conditions for the 
oscillatory solutions of (1). Without loss of generality, we will deal only with the positive 
solutions of (1).

 We present some of the well known lemmas, which will be needed in the proof of our main 
results. They may also have further applications in the analysis. For the proofs see Chuanxi 
and Ladas (1989), and Gyori and Ladas (1991).

Lemma 1.1. Let 

[ )0, : , ,f g t ∞ → 

be such that

( ) ( ) { }0( ), max 0, ,f t g t p g t c t t c= + − ≥ +

where , , 1.p c and p∈ ≠  Assume that lim ( )
t

f t l
→∞

≡ ∈  exists. Then the following statements 

hold:

(1)	 If liminf ( ) ,
t

g t a
→∞

≡ ∈  then ( )1 .l p a= +

(2)	 If limsup ( ) ,
t

g t b
→∞

≡ ∈  then ( )1 .l p b= +

Lemma 1.2. Assume that ρ is a positive constant. Let [ )0 , , ,h C t + ∈ ∞   and suppose that

1liminf ( ) .
t

t
t

h s ds
eρ

→∞
−

>∫

Then

(1)	 the delay differential inequality 0,0)()()( tttxthtx ≥≤−+′ ρ  has no eventually 
positive solution,

(2)	 the advanced differential inequality 0,0)()()( tttxthtx ≥≥−−′ ρ  has no eventually 
positive solution. 

Lemma 1.3. Assume that 

0

( ) ,
t

q s ds
∞

= ∞∫
 

(3) 

holds and let ( )x t be an eventually positive solution of NDDE

( ) 0( ) ( ) ( ) ( ) 0; ,x t px t q t x t t tτ σ′+ − + − = ≥  (4) 

where

[ )0, 1, , ,p p q C t + ∈ ≠ ∈ ∞  
and (0, ) ,τ σ +∈ ∞ ∈ .
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Let ( ) ( ) ( )z t x t px t τ= + −  and ( ) ( ) ( )w t z t pz t τ= + − . Then 

(1)	  ( )z t is a decreasing function and either 

lim ( )
t

z t
→∞

= −∞ , (5) 

or   lim ( ) 0.
t

z t
→∞

=  	 							         (6)

(2)	 The following statements are equivalent
(i) (5) holds,
(ii) 1,p < −

(iii) lim ( )
t

x t
→∞

= ∞ ,

(iv) ( ) 0, ( ) 0 ( ) 0.w t w t and w t′ ′′> > >

(3)	 The following statements are equivalent: 
(i) (6) holds,

(ii) 1,p > −

(iii) lim ( ) 0
t

x t
→∞

= ,

(iv) ( ) 0, ( ) 0 ( ) 0.w t w t and w t′ ′′> < >

2.	 Main Results

In this section, we give some new sufficient conditions for all solutions of (1) to be oscillatory.
Theorem 2.1. Consider the equation (1) where ( )r t r≡  positive constant and 1p = − . 
Assume that (3) holds. Then every solution of (1) is oscillatory.

Proof: Assume, for the sake of a contradiction, that (1) has an eventually positive solution

0( ) 0, 0x t t t> ∀ ≥ >  . Let 

z( ) ( ) ( ).t x t x t τ= − −

Then
( ) ( )z ( ) 0.q t x tt

r
σ−′ = − <

Hence for all 0t t≥ , we have

( ) 0z t >  or ( ) 0.z t <

Let ( ) 0z t > . This implies that

0

0( ) ( ) ( ) .
t

q s x s ds r z tσ
∞

− < < ∞∫
 

(7)
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On the other hand, ( ) 0z t >  gives ( ) ( )x t x t τ> −  and hence liminf ( ) 0
t

x t
→∞

> . Thus, there exists 

a positive constant, k such that ( ) 0x t k> > . Then

( ) ( ) ( ) ,
t t

q t x t dt k q t dt
σ σ

σ
∞ ∞

+ +

− >∫ ∫

which leads to

( ) ( ) .
t

q t x t dt
σ

σ
∞

+

− = ∞∫

This is a contradiction with (7). Therefore ( ) 0z t < , which implies ( ) ( )x t x t τ< − . Then 

( )x t is bounded and hence liminf ( )
t

x t
→∞

and liminf ( )
t

z t
→∞

exist. From Lemma 1.1, we get

lim ( ) 0.
t

z t
→∞

=

This contradicts the fact that ( )z t is a negative and monotonic decreasing function. The proof 
is completed. �

Example 2.1. Consider the NDDE

( ) 2
2( ) ( ) ( ) 0, 0.tx t x t e x t tππ +′− − + − = >  (8)

Here we have

2( ) , 1, and .
2

tq t e r πτ π σ+= = = =

Then all the hypothesis of Theorem 2.1 are satisfied, where

( )
0

2

0

.t

t

q t dt e dt
∞ ∞

+= = ∞∫ ∫

Hence every solution of (8) is oscillatory.

Theorem 2.2. Assume that (1) holds with 1,p ≠ − ( )r t r≡  positive constant, ( ) 0q t q≡ >  and

( ) 1 ,
(1 )

q
r p e

σ τ− >
+  

(9)

then every solution of (1) is oscillatory.

Proof: Assume, for the sake of contradiction that (1) has an eventually positive solution

0( ) 0, 0x t t t> ∀ ≥ > . Let z( ) ( ) ( )t x t px t τ= + −  and ( ) ( ) ( )w t z t pz t τ= + − . By direct 
substitution where z(t) and w(t) are solutions of (1), p and r are constants, we have

( ) ( ) ( ) 0.rz t prz t qz tτ σ′ ′+ − + − =  
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From Lemma 1.3 we have ( ) 0w t > , w′ is eventually increasing and

( ) ( ) ( ) 0rw t prw t qw tτ σ′ ′+ − + − =  (10)

Since z(t) is decreasing and either lim ( )
t

z t
→∞

= −∞  or lim ( ) 0,
t

z t
→∞

= it is claimed that 

( ) ( ).w t w tτ′ ′− ≤

Hence,

(1 ) ( ) ( ) 0r p w t qw tτ σ′+ − + − ≤

and so

( ) ( ) 0.
(1 )

qw t w t
r p

τ σ′ − + − ≤
+

Letting t t τ= + , we obtain

( )( ) ( ) 0
(1 )

qw t w t
r p

σ τ′ + − − ≤
+

 if 1 0p+ >  					     (11)

or

( )( ) ( ) 0
(1 )

qw t w t
r p

τ σ
 ′ − + − ≥ − + 

 if 1 0p+ <  				    (12)

In view of Lemma 1.2 (i) and (ii), and also the condition (9), it is impossible for (11) and 
(12) to have eventually positive solutions. This contradicts the fact that ( ) 0w t > . Thus, the 
proof is completed. �

Example 2.1. Consider the NDDE

1 1 3( ) 1 ( ) ( ) 0, 0.
4 3 3 2
e x t x t x t t

e e
ππ

π π

′   + − − + − = >   
   

 (13) 

Here we have

1 1 31, , , and 23 3 4
ep q r

e e
πτ π σ

π π
= − = = = =

Then all the hypothesis of Theorem 2.2 are satisfied, where

( )
1 3 2 13 .

1(1 ) 21 1
4 3

q e
er p e e

e

π ππσ τ π

π

 − = − = > +    + − 
 

Hence every solution of (13) is oscillatory.
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Remark 2.1. Theorem 2.2 is an extent for Theorems 3 and 4 in Ladas and Sficas (1986) and 
Theorem 6.1.3 in Gyori and Ladas (1991).
Theorem 2.3. Assume that (2) and (3) hold, 1 0p− < <  and

( ) 1liminf ,
( )

t

t
t

q s ds
r s eσ σ→∞

−

>
−∫

 
(14) 

then every solution of (1) oscillates.

Proof: Assume, for the sake of contradiction that (1) has an eventually positive solution

0( ) 0, 0x t t t> ∀ ≥ >  . Let z( ) ( ) ( )t x t px t τ= + − . Then by Lemma 1.3, we obtain z( ) 0.t >  As 
( ) ( )x t z t> , it follows from (1) that 

( )( ) z( ) ( ) z( ) 0r t t q t t σ′ + − ≤

Dividing the last inequality by 0)( >tr , we obtain 

( ) ( )z ( ) z( ) z( ) 0.
( ) ( )

r t q tt t t
r t r t

σ
′

′ + + − ≤
 

(15) 

Let 0

( )
( )

z( ) ( )

t

t

r s ds
r s

t e y t
′

− ∫
=  . This implies that 0)( >ty . Substituting in (15) yields, for all 0tt ≥

0,0)(
)(

)()( ttty
tr

tqty ≥≤−
−

+′ σ
σ

. (16) 

In view of Lemma 1.2 (i) and (14), it is impossible for (16) to have an eventually positive 

solution. This contradicts the fact that ( ) 0y t >  and the proof of Theorem 2.3 is completed. �

Example 2.2. Consider the NDDE as follows,

( ) 0
1 1( ) 0, .

5 2
ex t x t x t t t

t t
π π π

π

′
   − − + − = ≥ >    −   

 (17) 

Here we have

1 1( ) , ( ) , 1 0, and .
5 2
er t q t p

t t
πτ σ π

π
= = − < = − < = =

−

Then all the hypothesis of Theorem 2.3 are satisfied where

2

( ) 5 1liminf liminf
( ) 2

t t

t t
t t

q s ds ds
r s eπσ

π
σ→∞ →∞

− −

= = >
−∫ ∫ .

Hence every solution of (17) is oscillatory.

Remark 2.2. Theorem 2.3 is an extent for Theorem 7 in Ladas and Sficas (1986).
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