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FULLY RIGHT PURE GROUP RINGS
(Gelanggang Kumpulan Tulen Kanan Penuh)

MIKHLED ALSARAHEAD! & MOHAMED KHEIR AHMAD?

ABSTRACT

In this paper, we study the pure right ideal in rings, and then the fully right pure rings. The
necessary and sufficient conditions for a ring R to be fully right pure ring are determined.
Also, we study some properties of fully right pure rings. Finally we study the fully right pure
group rings. The necessary and sufficient conditions on a group G and a ring A for the group
ring A[G] to be fully right pure group ring are determined.
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ABSTRAK

Dalam makalah ini, kami mengkaji unggulan kanan tulen dalam gelanggang, dan seterusnya
unggulan tulen kanan penuh. Syarat-syarat cukup dan perlu untuk suatu gelanggang R menjadi
gelanggang tulen kanan penuh ditentukan. Kami juga mengkaji sifat-sifat bagi gelanggang
tulen kanan penuh. Akhirnya kami mengkaji gelanggang kumpulan tulen kanan penuh. Syarat-
syarat cukup dan perlu bagi suatu kumpulan G dan suatu gelanggang A bagi gelanggang
kumpulan A[G] untuk menjadi gelanggang kumpulan tulen kanan penuh ditentukan.

Kata kunci: unggulan tulen; gelanggang tulen penuh; gelanggang kumpulan; gelanggang
kumpulan tulen kanan penuh

1. Introduction

Group rings are very interesting algebraic structures, their concept is relatively old. The
concept became important after the article of Connel, 1963, which gave highly stimulating to
the area as well as the inclusion of chapter on group rings in the book by Lambek, 1966.
There are many studies that discuss the necessary and sufficient conditions for a ring R to
have all its ideals in the same class, that is, all right ideals are prime (Tsutsui 1996), all right
ideals are semi prime (Ahmad 2008), or all right ideals are weakly prime (Hirano et al. 2010).
The aim in this paper is to determine the necessary and sufficient conditions on a group G and
aring A for the group ring A[G] to be fully right pure group ring (all its right ideals are pure)
and to determine the properties of this kind of group rings.

2. Preliminaries

Notation 2.1: Throughout this paper the following notation will be adopted

R : Unitary associative ring.

l.a.r.i —ring : Left annihilator right ideal ring.
zc —ring : Zero commutative ring.

Zi —ring : Zero insertive ring.

U, : The set of all units of aring R .
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N, : The set of all nilpotent elements of R .

Z, : The set of all zero divisors of aring R .

SN, : The set of all simple nilpotent elements of R ={x eR :x* =0} .
I : The set of all idempotent elements of R .

AC —ring : Almost commutative ring.

Ann_ (A) : The right annihilator of the set A .

Ann, (A) : The left annihilator of the set A .

AG] : The group ring of a group G over aring A .

oG) : The augmentation ideal of A[G].

w[H] : The right ideal of A[G]generated by the set{h—1:heH} .
S : The augmentation map of the group ring.

Definition 2.2.

(i) Anelement x €R issaid to be a right (left) strongly regular if there is y € R such that
X=yx* x=Xxy .

R is said to be right (left) strongly regular ring if every element of R is right (left)
strongly regular.
(ii) Aring R is said to be m-regular ring if for all x €R thereis n €N and y €R such

that x"=x"y x".
(iii) Aring R is said to be semi - regular ring if for all x €R there is n € Nand y €R
suchthat x" =x"yx or x™ = xyx™.

Remark 2.3. (Kayyaly 2008) It is well known that R is right strongly regular ring if and only
if R is left strongly regular, so we have strongly regular ring only.

Definition 2.4.
(i) A-ring Ris said to be almost commutative ring (AC —ring)if for any proper right

prime ideal P of R and a¢ P , there is x €R such that ax €eC, —P .
(i) Aring R is said to be a left annihilator right ideal (1.a.r.i —ring ) iff, Ann, (A) isa

right ideal of R for all subset A of R .
(iii) Aring R is said to be duo—ring iff, all its ideals are two—sided ideals.
(iv) Aring R is said to be zero—insertive ring (zi —ring ) iff, for all a,b €R such that

ab =0, impliesthat arb =0 forall r €R.

(v) Aring R is said to be semi commutative ring iff, aBR =Ra , VaeR..

(vi) Arring R is said to be zero—commutative ring (zi —ring ) iff, for all a,b € R such
that ab =0, implies that ba =0.

Lemma 2.5. (Sbah 1999) For any ring R the following hold:
(i) If Risazc—ring,then Risa zi —ring .

(i) Risazi —ring iff, Risa l.a.r.i —ring .

(iii) If Risa zi —ring ,then I, cC,.
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Lemma 2.6. (Wong 1979) If R is AC —ring , then every prime (semi prime) ideal is a
completely prime (semi prime) ideal.

Lemma 2.7. (Ahmad & Hijjawi 2014) If R is a unitary ring satisfies one of the following
conditions, then I, = C;.

(i) 1f SN, ={0}.

(i) If R is a zero — commutative ring.
(iii) If R is aduo —ring.

(iv) If R isasemi commutative ring.

Remark 2.8. If R isaregularring in which SN, ={0}, then R isan AC —ring .

Proof . Let P be a right prime ideal and a ¢ P, since R isaregular and a € R , then there
isbeR suchthata=abagP .

ab is idempotent for (ab)® =abab = (@ba)b =ab . Let ab =e, so ab eC, since Iy Cy
(by Lemma 2.7) and ab ¢ P for if ab € P, then aba P contradiction. Thus 3 b eR
such that ab eC, —P , therefore R isan AC —ring . [

Lemma 2.9. Let R be an AC —ring . If R is a fully semi prime right ring, then R is a

strongly regular ring.

Proof: Let aeR and suppose a £a’R :nPi ; P. is prime ideal (since a?R is a semi
iea

prime right ideal), Vi ea. Then there is P, such that a ¢ P; since R is AC —ring | then

there is x eR such that ax €C; and ax ¢P;. So we have ax Rax =axax R =

a(ax)x R=a’x’R <a’R. This implies ax ea’R < P; (since a’R is a semi prime

right ideal) contradiction. So a €a’R . Therefore there is r R such that a =a’r , thus R
is strongly regular ring.

Definition 2.10. A proper right ideal | of aring R is said to be pure right ideal if for all
ael ,thereisb el suchthat a=ab .

Theorem 2.11. (Al-Jaleel 1987) Let | be an ideal of a commutative ring R, then | is a
pure ideal if and only if for every finite subset {al,az,...,an} of | , there exists b €1 such

that ab =a forall i =1,2,...,n.

Lemma2.12. Let A bearightideal ofaring R . If | isapurerightideal of A ,then | is
a pure right ideal of R .

Proof: Let M =1 + IR, thenitis clear that M is a right ideal of R and we remark.
lcl+IR=1+l.IRcl+l.ARcl+IAcl+1 =1 (Il =I.1 for | is pure right
idealin A). Sol =1 +IR=M

This means that, | isaright ideal of R and it is pure right ideal. [
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Theorem 2.13. Let f :R —S be a ring epimorphism. If | is a pure right ideal of R , then
f (1) isapure right ideal of S .

Proof: Let f :R —S be a ring epimorphism. Let | be a pure right ideal of R and
y ef (1), thenthereis x el suchthat f (x )=y .Since x el and | is pure, then there
is X el suchthat X X =X .

Consequently, f (x).f (X)=f (x).So y. f (X)=y.But f (X)ef (1), so there is

y=f (X)ef (1) suchthat y ¥ =y .Hence f (1) isa pureright ideal of S . |

3. Fully Right Pure Ring

Definition 3.1. Aring R is said to be a fully right pure ring iff, every proper right ideal | of
R isa pure right ideal.

« R is fully left pure ring iff, every proper left ideal of R is a pure left ideal.

« R is fully pure ring if it is fully right and fully left pure ring.

Theorem 3.2. (Kayyaly 2008) Let R be any ring, then the following are equivalent:
(i) R isafullyright pure ring.

(i) R isastrongly regular ring.

(iii) R is an abelian regular ring.

Lemma3.3. Let R be aring in which SN, ={0}, then for all x R we have Ann, (X )
is a two sided ideal.
Proof: Let X eR and y e Ann, (x ), then xy =0, so

(yx) =yxyx =y (xy )x =0, so yx eSN, ={0}. This implies yx =0. Thus
y € Ann, (x). Therefore Ann_(x )< Ann, (x ). In the same way Ann, (x)< Ann, (X),

hence Ann, (X ) is a two sided ideal. [

Lemma 3.4. (Wong 1972) Let R be a ring in which SN ; = {O} and every completely prime
ideal is a maximal right ideal. Then R =2, U U ..

Theorem 3.5. The following are equivalent for any ring R :

(i) R isafully right pure ring.

(i) Risaregular AC —ring .

(iii) R is a fully right idempotent AC —ring .

(iv) R isafully right semi prime AC —ring .

(v) SN = {0} and every proper completely prime ideal is maximal right ideal.

(vi) SN ={0} and R isasemi 7 —regular ring.
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Proof: i=-11 Since R is a fully right pure ring, then it is strongly regular (Theorem 3.2).
Now, let aeSN ., then a’=0 but R is strongly regular, so there is r € R such that
a=a’r=0.r =0 , therefore SN, ={0}. Since R is strongly regular, then it is regular.
We have R isregular and SN ={0}, thus R is AC —ring (Remark 2.8).

il = iii Clear.

iii=1iv Let |,P aretwo right ideals of R such that 1> C P . Since | is idempotent right

ideal, then I =12 CP thisimplies | CP , thus P is semi prime right ideal and R is fully
right semi prime ring.
Iv=-v Since R is a fully right semi prime AC —ring , then R is a regular ring (Lemma

2.9) . Now Let P be any completely prime ideal, and suppose P C1 CR where | is a right

ideal of R . Then there is @ € | such that a¢ P . Since R is a regular ring, thereis b €R
such that a=ab a which implies ab—1a=0€&P ,since P isa completely prime ideal
and a¢Z P we have ab—-1€P C1 , but a€l implies ab €1 . Therefore 1€ 1 which

implies 1 =R . This means that P is a maximal right ideal, and we have SN ={0}
(Lemma 2.9).
v=Vi Since SN, ={0}, then for all 0==Xx €R we have Ann, (X ) is a two sided ideal

(Lemma3.3),s0 R =R /Ann_ X isagainaring in which SN _ = O} for :

2

If €SN, = y°=0 = y2=0= y?eAmn, (x) = y>x=0=y-yx =0=
y eAnn, (yx)=Anmn (yx) = yxy=0 = yxyx =0-x=0 = yx ~=0
= yx €SN, ={0} = yx =0= y eAnn, (x)=Ann, (x)=y =0.

We have X =X +Ann_ X is not zero divisor for if ¥ €R such that X.y =0. Then
Xy e Ann, (x ) so xyx =0 which implies xyxy =0.y =0, i.e. xy ? =0 which implies
xy € SN ={0} i.e., Xy =0which implies y e Ann, (X ), so¥ =0, then (Lemma 3.4)
there is F such that X -7 = 1 which implies X -r —L€Ann, X ,so thereisp € Ann, (X )
such that Xr —p =1 implies, xrx " — px " =x" which implies xrx" — px x"*=x"
implies xrx" —0.x " " =x "implies, x" =xrx", so R is semi - regular ring.

vi=-1 Let | be a proper right ideal and x €1 , then there is r €R and n €N such that
X" =xrx", let n > 2, then

n-1__ n-1 2 n-1 n—-1 n-1 n—1

X XX = X — XX X — XX

2n-2 n n-1 n-1

=X —x"rx XX
=X"? _x"mx "t —xrx

2n-2 _|_er nflxrX

anz +ern rxn—l
=X —Z_anxn—l_xnlxn—z_{_xnrxn—l

n
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So (x " _xrx ”’1) e SN ; ={0} which implies x " =x rx"™. Continuing this process to
get (x —xnx )e SN, ={0} . Thus x =xrx , and since SN, ={0} , then I, =C,
(Lemma 2.7). So X =X (Xr) =xy where y € I. Therefore I is pure right ideal and R is
fully right pure ring. [

Theorem 3.6. The following are equivalent for any ring R :

(i) R isafully right pure ring.

(i) R is aregular and semi commutative ring.

(ili) R isaregular zi —ring .

(iv) Risaregular zc —ring .

Proof: i=-ii Since Ris a fully right pure ring, then it is abelian regular ring
(Theorem 3.2). Now, let x €aR, then x =ab =(ara)bwhere rael, cC;, so
x =a(ra)p =ab(ra)=(abrja=FacRa, so aRcRa, by the same way
RacaR .Thus Ra=aR forall aof R and R isa regular and semi commutative ring.
li=-1ii Let ab=0, then for all reR we have arb=abr. Since Ris semi
commutative ring which implies arb =0-r =0. So R is regular zi —ring .

iii=1iv Let ab =0, then we have ba=(brb)a for Ris a regular ring , but R is
zi —ring ,sobrel, cC, (Lemma 2.5) which implies
ba=(brb)a=(br)ba=ba(br)=b(ab)r=b(0)r=0. Thus Ris a regular
zc —ring .

iv=1 Let | beany rightideal of R and ael .Since R isregularand a €R , then there
is b eR such that a=aba but R is zc—ring, so abel, cC, (Lemma 2.7). This
implies a=aba=(ab)a=ea=ae, where e=abel. So I is pure right ideal,
therefore R is fully right pure ring. [

Corollary 3.7. Let R be a right artinian semi prime and AC —ring , then R is fully right
pure ring.

Proof: Since R is semi prime and right artinian, then R is regular by (Lambek 1966,
proposition 3.5.2). Since R is regular and AC —ring , then it is fully right pure ring

(Theorem 3.5). [

Corollary 3.8. A ring R is fully right pure ring if and only if R is fully completely semi
prime right ring and AC —ring .

Proof = Since R is a fully right pure ring, then R is fully semi prime right ring and

AC —ring (Theorem 3.5). Since R is AC —ring , then every semi prime right ideal is

completely semi prime right ideal (Lemma 2.6). So R is fully completely semi prime right
ringand AC —ring .
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< Since R is fully completely semi prime right ring, then R is fully semi prime right ring,
by assumption R is AC —ring , so R is fully right pure ring (Theorem 3.5). [

Corollary 3.9. Let R be a fully right pure ring, then every prime ideal of R is a maximal
right ideal of R .

Proof: Let P Dbe any prime ideal of R . Since R is fully right pure ring, then R is
AC —ring (Theorem 3.5), so P is completely prime ideal (Lemma 2.6). Therefore P is a

maximal right ideal (Theorem 3.5 (5)). [

Corollary 3.10. If R is a fully right pure ring, then R is duo — ring.
Proof: Let R be a fully right pure ring, so R is strongly regular (Theorem 3.2). Therefore

R isregularand SN ={0} . Since SN, ={0}, then I, =C, (Lemma 2.7).

Now,

(i) Let I be any right ideal of R and a€ |, then aR =eR for some e €I, since R is
regular ring, thus RaR =R eR =eR =aR C , which implies that RaR C | for all
ac| . Therefore | isa two sided ideal.

(i) Let | bealeftidealof Rand acl then Ra=Re ; ecl,,so
RaR =ReR =Re=RacCl, thus | isatwo sided ideal. Hence R is duo—ring. [

4. Fully Right Pure Group Ring

In this section, we will find the necessary and sufficient conditions on a group G and a ring
A for the group ring A[G] to be fully right pure group ring, and we will study some
properties of this kind of group rings.

Theorem 4.1. (Connell 1963) A group ring A[G] is a regular ring if and only if:
(i) Aisaregular ring.

(i) G is alocally finite group, and

(iii) The order of any finite subgroup of G isaunitin A .

Lemma 4.2. Let | be any right ideal of a ring A and G be any group. If 1[G] is a pure
right ideal in A[G], then | is a pure right ideal in A .
Proof: Let a€l ,then ael[G].

But I[G] is a pure right ideal in A[G]. So there is 3= b;g;, where b, €1,

i=1

Vi =1,2,...,n such that a:aﬂ:aZbigi , aplay ¢ (the augmentation map) on both

i=1

n
sides, then we get a=a) b, .

i=1

Since b, €1, Vi =1,2,..,n and | isrightideal in A, then Zbi el
i=1
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n
Letb=> b, soa=ab whereb el .Thus I isapure right ideal in A. [

i=1

Theorem 4.3. If the group ring A[G]is a fully right pure group ring, then A is a fully right
pure ring.

Proof: Let A[G] be a fully right pure group ring and | be any right ideal of A , then 1[G]
is right ideal of A[G]. But A[G] is a fully right pure group ring, so 1[G] is a pure right
ideal. Hence | is a pure right ideal (Lemma 4.2), therefore A is a fully right pure ring. [

Theorem 4.4. Let A be a commutative ring and G be abelian group, if:

(i) Aisaregular ring.

(i) G is locally finite group, and

(iii) The order of any finite subgroup of G is a unitin A .

Then the group ring A[G] is fully pure group ring.

Proof: Since A is commutative and G is abelian, then A[G] is commutative group ring. So
the idempotent elements are central.

Since (i) , (ii) and (iii) hold, then (Theorem 4.1) A[G] is regular ring. Thus we have A[G] is
an abelian regular ring, so it is fully right pure group ring (Theorem 3.2). [

Theorem 4.5. Let A be a fully right pure ring. If:

(i) G isalocally finite abelian group, and

(ii) The order of any finite subgroup of G is a unitin A .

Then the group ring A[G] is fully right pure group ring.

Proof: Since A is fully right pure ring, then A is abelian regular ring (Theorem 3.2) i.e., A
isregularand 1, =C, . Since A is a regular ring, and (i) and (ii) hold, then A[G] is regular
ring (Theorem 4.1).

Now, let o= a,g; € A[G], but A[G1is regular, so there is 8= bh e A[G] such that

i=1 i=1

a=afo, i.e.zn:aigi :[iaigi]. Em:bjhj].[iaigi . This implies
Zn:aigi:[Zn:aigi].l[zm:bjhj].[iaigi] this implies

m

izn;aigi z[izn;aigi].[z zn: J.hjaigi] z[izn;a,-gi].[zm: Zn: J.aihjgi], But A

i1 i1 -1 i—1

is regular ring, thus for all &, there is c, such that &, =a,c,a,and a,c; 1, <C, . Therefore
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= Zaigi].[z Z(aici)bjaihjgi], since a.c, el, cC,.
1 [

n

— Zaigi].[z Z(aigi)cibjaihj], since G is abelian.
=1 i

i=1

_ Zg][zg][z zbh]

Let A=

I

> Zcib.a.h.], then a=a’\, hence A[G] is strongly regular ring, thus
=1 i—1

A[G] is fully right pure group ring (Theorem 3.2). [

Theorem 4.6. Let A[G]be a regular ring. Then A[G] is fully right pure ring if and if A[G]
isal.a.r.i —ring .

Proof:=) A[G]is fully right pure ring, then A[G]is duo—ring (Corollary 3.10), so it is
l.a.r.i.—ring.

<)since A[G] is l.a.r.i —ring then it is zi —ring (Lemma 2.5), therefore I o1 S Coaeg
(Lemma 2.5). Since A[G]is regular ring by hypothesis, then it is abelian regular, so A[G] is
fully right pure ring (Theorem 3.2). []

Definition 4.7. A group G s called a Dedekind group if and only if all its subgroups are
normal.

Theorem 4.8. Let A[G] be a fully right pure group ring, then G is a Dedekind group.
Proof: Since A[G] is fully right pure group ring, then it is duo—ring (Corollary 3.10).
Now, Let H be any subgroup of G . Since A[G] is duo—ring, then W;[H] is a two sided

ideal, so H is normal subgroup of G by (Connell 1963, Proposition 1 (1)), therefore G is a
Dedekind group. [

Corollary 4.9. Let A[G] be a fully right pure group ring and G be a non trivial group, then

A[G] has at least one non trivial central idempotent.

Proof: Let G = € | thenthereexist h €G; h =e suppose H =(h)

Since G s locally finite (Theorem 4.1), then O(H)=n for some n €N but A[G] is a
. . S 133,

regular ring (Theorem 3.2), so N is invertible in A (Theorem 4.1), therefore e = —Zh'

i=0
is a non trivial idempotent of A[G] (for if e=1 then

n'+n*h+n"*h*+..n'h"'—1e =0 implies 1= 0 (since the group G forms a base
for the A —module A[G]) which is not true). Also € is central since A[G] is an abelian
regular (Theorem 3.2). [J
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Proposition 4.10. If the group ring A[G] is a fully right pure group ring, then the following
hold:

(i) Aisastrongly regular ring.

(i) Aisaregular AC —ring .

(iii) Ais a fully idempotent ring.

(iv) Ais a fully semi prime ring.

(v) A isasemim- regular ring.

Proof: Directly from Theorem 4.3, Theorem 3.2 and Theorem 3.5. []
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