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ABSTRACT

In this paper, some important properties of analytic functions with negative coefficients defined
by a generalised derivative operator are investigated. The properties include the necessary and
sufficient conditions, radius of starlikeness, convexity and close-to-convexity.
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ABSTRAK

Dalam makalah ini dikaji beberapa sifat penting bagi fungsi analisis berpekali negatif yang
ditakrif oleh pengoperasi terbitan teritlak. Sifat tersebut termasuklah syarat perlu dan cukup,
jejari kebakbintangan, kecembungan dan dekat-dengan-kecembungan.

Kata kunci: pengoperasi terbitan; jejari kebakbintangan; kecembungan; dekat-dengan-
kecembungan

1. Introduction
Let A denote the class of functions /* in the open unit disc
U={zeC:z|<I},
and let T denote the subclass of A consisting of analytic functions of the form
J(@)=z-3az", (zeU),
k=2
which are analytic in the unit disc U.

Definition 1.1 Let f € A . Then [ is said to be convex of order 11 (0 < p <1) if and only if

)
RIg+2L——=Z ,zeU.
{+fb)}w ©

Definition 1.2 Let f € A . Then [ is said to be starlike of order 11 (0 < <1) if and only if

()
R ,z e U.
{ﬂw}”‘e

Amer and Darus (2011; 2012) have recently introduced a new generalised derivative operator

I" (A, A,,1,n)f (z) as follows:
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Definition 1.3 Let f € A, then the generalised derivative operator is given by

I’”(/L,/lz,l,n)f(z)zz—i{kakzk, (D

where

__ 44k =DH+D"" _
= e (A oy S mme N ={01.2.,

A 2420,020,and c(n,k)=

(n +1)k—l
My

Definition 1.4 Let a function f be in T. Then [ is said to be in the class of

(e, B, 4, A, 1,n) if,

9{{ I"(A Ay L) £(2) }>a 1"(A,2,,1,m) f(2) B, @)
z

" (A2 L) (@] | 2" (A A L) f(2)]

where n,me N,=1{0,1,2,..},/ 20, 0<a<l,and 0< f<I.

The family 7(ex, B, A,,A,,1,n) is a special interest as it contains many well-known classes of
analytic univalent functions. This family is studied by (Najafzadeh & Ebadian 2009), and also
(Tehranchi & Kulkarni 2006a; 2006b).

2. Necessary and Sufficient Conditions

Theorem 2.1 Let f € T. Then f € 7(e, B, A, A,,1,n) if and only if,

i[(1+0!)—k(0!+,3)]

Coa, <1. 3)
k=2 I_IB o

Proof: Let us assume that /' € 7(er, ,4,,4,,1,n) . So by using the fact that
R(w)> a|w—1|+p if, and only if ReX1+ce'®)—a'’]> B

nd lettin = 1" (A, A, n)f (2) in we obtain N _o?
and letting @ Gl ) G (2), we obtain R[ax(1+ce'”)—a'"]> .

So
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z —Zé‘kakz ¢

R — (1+ae'®)y—oe' - |>0,

z l—z“ké’kakzk_1

L k=2

then
=B (-pk)az" " —ae” Y (1-k){ a2z
9{ k=2 k=2 >0.
1-Yk&az"!
L k=2

The above inequality must hold for all z in U. Letting z = re ¢ where 0 < r <1, we obtain

1= A= S[(1- B )+ o' (1= k a7
l—ik Cart!

R > 0.

By letting 7 — 1 through half line z = re "% and by mean value theorem, we have

EK[l—ﬂ—i[(l—ﬂk)+0!(1—/’€)]fkﬁtk”k_l} >0,

then we get

i[(l+a)1—_kﬁ(a+ﬂ)] Ca <.

Conversely, let (3) holds. We will show that (2) is satisfied and so [ € 7(e, 3,4, 4,,1,n).

By using the fact that R(w) > B if and only if | 0—(1+ [)|<| @+ (1= )], it is enough to
show that

lo-(1+a|o-1|+p) |<lo+(1-a|w-1|+p)], if R =|o+(1-o|w-1|+[)|

_ 1 ~ _oo ) ) k
_IZ[I'"(A,ﬂz,l,n)f(z)]sz Bz kZZ[H(l B)y+a-akliaz"|.

This implies that
|z | . < ) k
R Craaomren? Z;[“(Ha) k(a+ k1 az"|
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Similarly, if L =|@o—(1—a|o—1|+0)], we get

|2 |

z[I" (A A L) ()] ]

L<

ﬁ 2[ k+(1+a)—k(a+ Pk, az"

It is easy to verify that R —L >0 and so the proof is complete.

Corollary 2.1 Let f € (at, B, A4, A,,1,n), then

1- 5
[(1+a)—k(a+ P,

a, <

Proof: For 0 < 1 <1, we need to show that
Now, let us show that

<l-pu.

7@
)

Sk -l |z [

—Z(k ~1a,z "
k=2

of '(2)-f )| _

re | -3 | =S ga

:>2ak|z|kl(l ﬂ)

By Theorem 2.1, it is enough to consider

i = plr )~k @+ P
(k —u)(1-B) ‘

O
Theorem 2.2 Let [ € 7(ct, B, A, A,,1,n). Then [ is convex of order p(0 < <1) in
|z |[<r=r(a, B, A,A,l,n, 1) where

1

_ | =pld+a)—k(@+p)] . |
S Al Hk‘f{ k(k —p)(1-B) g"} |

”

(z )

Proof: For 0 < ¢ <1, we need to show that [L 22

Now again let us show that
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Yk =Daz""| Ykk-la, |z [
k=2 — < k=2 _ < l—ﬂ
I—Zkakzk_' I—Zkak |z [
k=2 k=2

= Yka |z 7| E2H <1
kzs ‘ 1-u

By Theorem 2.1, it is again enough to consider

- pc Rt k@t P,
k (k —u)(1-B) ‘
O

Theorem 2.3 Let [ (z )€ 7(c, B, A, A,,[,n). Then f (z) is close-to-convex of order
HOSu<l)in|z |<r=r(a,f.4,4,1,n, i) where

_ . | A=pl(d+a)—k(a+p)] =
r(0 B A Aol 1) H]}f[ Lo 4 |

Proof: For 0 < ¢ <1, we must show that |f'(z) —1| <l-pu.
Similarly we show that

|£(2)-1]= S,z
k=2

<Mka, |z [<1-u
k=2

- k k-t
=Y L oz <
kz-zl—ﬂ ¢

By Theorem 2.1, the above inequality holds true if,

. (= +0) —k(a+ )] ¢

=] k(1-B) © O

3. Radius of Starlikeness, Convexity and Close-to-convexity

In this section, we will calculate Radius of Starlikeness, Convexity and Close-to-convexity for

the class 7(a, B, A, A4,,1,n).

Theorem 3.1 Let [ € 7(ex, B, A, A,,1,n). Then [ is starlike of order p(0< <1) in
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|2 <7 =10 B A Aol 1. 1), where

-+ -k@+py, T
LB ALA L, 1) = : .
n(e, A, 4,.0,n, 1) 1r]}f[ DB ¢ }

Proof: For 0 < 1 <1, we need to show that
Now, we have to show that

<l-pu.

7@
)

)~ )] —;(k—l)akz -l <k25(k ~Da, |z [

- — <l-u
| /@) | l—kz:;akzk_l l—kz:;ak |z [

oo B k _
= Yo, |z | 22 <1
k=2 1-u
By Theorem 2.1, it is enough to consider

e Aol k@ )]
(k=p(1-p)

Theorem 3.2 Let [ € 7(ct, B, A, A,,1,n). Then [ is convex of order p(0 < <1) in
|z |[<r=r(a, B, A,A,l,n,u), where

(-pli+a)-k@+p) }
k(k-m(-p) ™

rz(aaﬁaﬂﬂ’ﬂwl’nnu):h]}f{

zf "(z)

Proof: For 0 < ¢ <1, we need to show that |-—
J (@)

<l-u.

We have to show that

Nk (k =1a,z""
k=2

I—Zkakz o

k=2

Dkk =, |z [~

SkZ <1_,U
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= Yka, |z [~ (ﬁ;ﬂ)ﬂ.
k=2 -

U

By Theorem 2.1, it is enough to consider

o (=l + )~k (a+ f)] 5

- K—m(-p) "

Theorem 3.3 Let [ € (e, B, A, A,,1,n). Then f is close-to-convex of order f(0< u<1)
in |Z |< r= 1’3(0(,ﬁ,/7~,,/12,l,n,ﬂ), where

 [-wia+e)—k@+p), T
r(e, B AL AL n, 1) H]}f{ g é,k} -

Proof: For 0 < i <1, we must show that

f(@-1<1-p.

We have to show that

Siha,z
k=2

f(2)-1=

<Ska, |z ['<1-p
k=2

vk -
= a, |z "<l
kz_zl—ﬂ '

By Theorem 2.1, the above inequality holds true if

k-l (l—ﬂ)[(1+06)—k(0!+ﬂ)]§

|z | ke
k(1-5) O
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