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ABSTRACT

This research focuses on solving hypersingular integral equations (HSIEs) numerically for ther-
moelectric bonded materials (TEBM) subjected to shear stress and weakened by two slanted
cracks. The modified complex variable function (MCVF) method is applied, integrating con-
tinuity conditions (CC) for both the electric field effect (EFE) and the displacement electric
function (DEF), which are used to formulate the governing HSIEs. Utilizing a curved length co-
ordinate approach, the unknown functions associated with crack opening displacement (COD),
as well as constants for current vector field and surface energy load, are expressed in terms of the
fracture singularity basis function. These HSIEs are solved numerically using suitable quadra-
ture techniques, with the crack traction as the right-hand term. The solutions for COD, current
vector field, and surface energy load are then employed to calculate the dimensionless stress in-
tensity factors (DSIFs), which offer insights into the stability of TEBM with two slanted cracks.
Numerical simulations demonstrate that the computed DSIFs at the crack tips are consistent
with previous research. Additionally, the results show that DSIFs are significantly affected by
factors such as the ratio of elastic constants (ECR), crack geometry, and current vector field
coefficients.

Keywords: dimensionless stress intensity factors; bonded materials; hypersingular integral
equations; two slanted cracks; thermoelectric

ABSTRAK

Penyelidikan ini mengkaji penyelesaian berangka bagi persamaan kamiran hipersingular (HSIEs)
untuk bahan tercantum termoelektrik (TEBM) yang dilemahkan oleh dua retakan condong di
bawah tegasan ricih. Kaedah fungsi pembolehubah kompleks yang diubah suai (MCVF) digu-
nakan untuk menangani masalah ini dengan menggabungkan syarat kesinambungan bagi daya
elektrik terhasil (EFE) dan fungsi anjakan elektrik (DEF) untuk merumuskan HSIEs. Melalui
aplikasi kaedah koordinat panjang lengkung, fungsi tidak diketahui yang berkaitan dengan an-
jakan pembukaan retakan (COD), serta pemalar bagi ketumpatan arus elektrik dan beban fluks
tenaga, diterjemahkan ke dalam rangka kerja fungsi singular punca kuasa dua. Persamaan
yang terhasil diselesaikan secara berangka menggunakan formula kuadratur yang sesuai, den-
gan tarikan retakan sebagai terma sebelah kanan. Fungsi COD, ketumpatan arus elektrik, dan
beban fluks tenaga yang dikira digunakan untuk menentukan faktor keamatan regangan tanpa
dimensi (DSIF), memberikan pandangan tentang kelakuan kestabilan TEBM yang dilemahkan
oleh dua retakan condong. Penyelesaian berangka menunjukkan DSIF pada hujung retakan
condong, dengan keserasian yang sangat baik dengan kajian terdahulu. Selain itu, pemerhatian
menunjukkan bahawa DSIF dipengaruhi oleh faktor seperti nisbah pemalar keanjalan (ECR),
geometri retakan, dan pekali yang berkaitan dengan ketumpatan arus elektrik.

Kata kunci: faktor keamatan regangan tanpa dimensi; bahan tercantum; persamaan kamiran
hipersingular; dua retakan condong; termoelektrik
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1. Introduction

The reviewed articles highlight the critical role of ensuring the stability and safety of engineer-
ing materials, as the presence of cracks can significantly weaken structural integrity. Extensive
research has been conducted on the stability behavior of materials and structures under external
stresses, encompassing various material types such as infinite (Nik Long & Eshkuvatov 2009;
Liu et al. 2019), finite (Ghorbanpoor et al. 2016; Zhang et al. 2019), half-plane (Kebli & Baka
2019; Rangelov & Dineva 2023), and bonded materials (Hamzah et al. 2021a; Jiménez-Alfaro
& Manti¢ 2023). These materials exhibit distinct properties, including elasticity (Hamzah &
Nik Long 2022; Yadav & Renu 2023), thermoelasticity (Hamzah et al. 2021b; Hobiny & Ab-
bas 2023), magnetoelasticity (Xiao et al. 2021; Singh 2023), and electrical conductivity (Wang
et al. 2019; Jiang et al. 2020).

Among materials used in manufacturing, thermoelectric materials (TEM) are of particular
significance. A finite-size internal crack located arbitrarily within a TEM was analyzed using
singular integral equations (SIEs) derived through Fourier and Laplace transforms (Wang et al.
2019). The findings indicate that placing the crack at the center leads to a more pronounced
concentration of stress near the crack tip. Additionally, the influence of the crack’s electrical
permeability on energy conversion performance appears to be minimal. To analyze the response
of a circular hole accompanied by two unequal cracks within an infinite two-dimensional TEM,
the study utilized the complex variable function (CVF) method in conjunction with conformal
mapping techniques (Jiang et al. 2020). This investigation examined the impact of uniform
current vector field and surface energy load on the system. Current vector field represents the
flow of electric current through the material, while surface energy load denotes the rate of energy
transfer. Both parameters affect the material’s response to electrical, thermal, and mechanical
loads, influencing crack propagation and overall structural stability. The study showed that
variations in the radius of the circular hole and crack lengths influence both the thermoelectric
properties and the dimensionless stress intensity factors (DSIFs).

To address two-dimensional scenarios involving a TEM with either an elliptical void or a
rigid inclusion, the CVF method was applied alongside conformal mapping techniques (Zhang
etal. 2017). These configurations were subjected to a uniform electric current field and a surface
energy load at an infinite boundary. The investigation indicated that introducing an electric field
to the boundary of a hole or rigid body sustains the surface energy load, primarily due to the
interplay between Joule heating and the Seebeck effect.

The finite element method was employed to investigate nanoscale cracks in TEM structures
under external stress (Sladek et al. 2020). This analysis provided valuable insights into how size
effects influence variations in Crack Opening Displacements (COD), which measure the relative
displacement between crack faces under applied loads and are essential for evaluating crack
deformation and predicting propagation. The influence of two collinear interface cracks on
the electric potential and temperature profile within a thermoelectric bonded materials (TEBM)
system subjected to combined thermal and electrical loads was examined (Jiang & Zhou 2022).
Parameters including the length and spacing of the cracks, along with the thickness ratio of
the layers, were found to play a crucial role in determining the resulting electric potential and
temperature distribution in the TEBM structure. The analysis utilized Laplace equations to
assess the DSIFs.

Additionally, the Hankel transform method and integral equation theory were applied to
compute DSIFs for a thermo-dielectric medium containing a penny-shaped crack under elec-
trical, thermal, and mechanical loadings (Jiang et al. 2023). The investigation explored how
the penny-shaped crack and external loading conditions influence the thermal stress fields and
behavior of the TEM. SIEs were used to determine the DSIFs for a central crack in a two-
dimensional, finite-size TEM, incorporating thermoelectric coupling theories with and without
the Thomson effect (Shi et al. 2022). The study analyzed how structural size, partially insulated
coefficients, and temperature conditions affect the behavior of the TEM.

Integral equations were also employed to characterize the singularity behavior of a ther-
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moelectric thin film bonded to an elastic infinite substrate, with DSIFs serving as the primary
parameter (Liu ef al. 2017). The findings underscore the importance of considering film stift-
ness when evaluating thermal stress levels within thermoelectric films. Finally, the behavior
of DSIFs at the tips of an interface crack in TEBM under a remote electric current was exam-
ined using CVF (Song et al. 2019). The results showed that the effect of current vector field
on DSIFs depends on the bonded material parameters, where the electric current may either
enhance or diminish the DSIFs based on these parameters.

In the domains of physics and engineering, Hypersingular Integral Equations (HSIEs) are ex-
tensively utilized, particularly for analyzing fracture behavior in crack-related problems. This
technique offers several strengths over traditional analytical methods, such as higher computa-
tional effectiveness, accurate depiction of crack-tip phenomena, versatility in addressing vari-
ous crack arrangements, and the direct extraction of COD from the obtained solutions (Chan
et al. 2003; Dutta & Banerjea 2009; Ghorbanpoor et al. 2020; Elahi et al. 2023a, b). How-
ever, certain constraints are still associated with the application of HSIEs. Their formulation
and solution processes are typically more intricate than those of simpler methods, such as the
boundary element method. Achieving accurate solutions often necessitates careful treatment
of crack tip singularities and the application of advanced integration techniques. Nevertheless,
HSIEs remain a valuable tool in crack analysis, offering significant insights into the behavior
and progression of cracks across diverse engineering applications.

This study aims to compute the numerical solution of DSIFs for the problem of two inclined
cracks in TEBM under shear stress using HSIEs and the MCVF method. This work extends the
findings of Mohd Nordin et al. (2023b), which primarily addressed the formulation and numer-
ical solution of DSIFs for a single crack aligned parallel to the TEBM interface (Mohd Nordin
et al. 2023a).

To strengthen the foundation of this study, several contemporary works provide valuable in-
sights into the behavior of DSIFs in TEBM and related structures. A study by Mohd Nordin
et al. (2024) investigated DSIFs for TEBM weakened by an inclined crack using the MCVF
method, revealing that DSIFs at crack tips are significantly influenced by the ECR, crack geom-
etry, and current vector field coefficients, thereby enhancing understanding of stability behavior
in such materials. Furthermore, research by Benala et al. (2023) explored the effect of porosity
characteristics on SIFs in spot-welded joints through finite element analysis, demonstrating that
factors such as applied loading, crack size, porosity shape and size, and defect interactions play
critical roles in fracture mechanics and structural integrity. Additionally, a study by Zhang et al.
(2024) examined interfacial crack propagation in BioTez— based thermoelectric modules under
thermal cycling, proposing a fatigue lifetime prediction model based on viscoplastic dissipa-
tion energy and validated through experimental and simulation data. These findings provide a
broader context for understanding the mechanical response and failure mechanisms in TEBM,
reinforcing the relevance and applicability of the current research.

2. Problem Formulation

The stresses (0, 0y ), Electric Field Effect (EFE) (X,Y") and Displacement Electric Function
(DEF) (u,v) for a crack in an infinite TEBM are expressed in terms of two complex stress
potential functions ¢(z) and 1 (z), and analytic functions for electric f(z) and thermal g(z)
fields as follows (Song et al. 2019)

Fal\ —_—

02+ 0y =22 ()T + 20 (2) + D) ()
Y +iX =222 ()T + () + 28 ) + 90) @

U+ v =+ a/ [2f(2)2 — ig(z)] dz + % [Kgi)(z) —z¢!(2) — ¢(Z)]
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where F is Young’s modulus, « is coefficient of thermal expansion, A is electric conductivity,
x is thermal conductivity, G is shear modulus, K = (3 — p)(1 + ), p is Poisson’s ratio, and
F(2) = [ f(z)d=.

The MCVF for a crack lies in the upper part of TEBM are defined in terms of principal

part ((blp(Z)v 1/11p(2)7 flp(z)a glp(Z>) and Complementary part (¢lc(z)7 wlc('z>7 flc(z>7 glc(2)>
as follows (Mohd Nordin et al. 2023b; Chen & Hasebe 1992)

$1(2) = d1p(2) + d1c(2) 4)
P1(2) = Y1p(2) + Y1c(2) (5)
f1(2) = fip(2) + fie(2) (6)
91(2) = g1p(2) + g1c(2) (7

whereas the complex stress potential functions for a crack lies in the lower part of TEBM
represented by ¢2(z) and ¥2(z). By applying the continuity conditions (CC) of EFE (2) and
DEEF (3) with the help of MCVF (4—7) the following expressions are obtainable

d10(2) = L1 (2], (2) + ¥1p(2)) + DoF1p(2) f1p(2) + T3 /fpo(Z)dZ —Ty /glp(z)dz
3)

1e(2) = T5B1p(2) = 260,(2) + ToFigfun(2) + T [ W)z + T [ (20
—TIy /glp(z)dz 9
$2(2) = T1001p(2) + T11F1p(2) fip(2) + T12F1p(2) fip(2) + T / Q1p(2)dz
+ g ff,(2)dz — Ty / g1p(2)dz (10)
a(2) = Tra(308,(2) + d1p(2)) — 265(2) + PuaFip() finle) + s [ i)
_rm/gm@mz (11)

where ¢1,(2) = ¢1,(Z), and ECR defined as
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The normal (/V) and tangential (7") components of a crack along the segment z, z + dz can be
obtained with the derivative in a specified direction of EFE (2) with respect to z as follows

d Eal — ——dZz
— Y 4+iX{=— F "z)—
Fl-v i) = o (FOTE + POTE )
dz
1)+ 5 + (307 4 P ) = N T (12)
where dz/dz = —e~?" and 6 is the tangential angle to the crack, and the traction N + iT

depends on the position of point z and the direction of the segment dz/dz.

By using superposition principle of the COD function g;(¢1) along the first crack L; and
COD function gs(t2) along the second crack Ly to the traction N + 77" (12) with the help of the
complex stress potential functions (Nik Long & Eshkuvatov 2009), and analytic functions for
electric and thermal fields (Song et al. 2019), the HSIEs for crack L; are obtained as follows
(Mohd Nordin et al. 2023b)

[N(t10) +iT(t10)]1 = 1 7€ gt)dh + L M (t1,t10)g1(t1)dt

m (t1 —t10)? 27 Jp,
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— | Go—p2 T3, [ Mt to)ga(tz)dt
i & /Lz (t2 — t10)? + 2r J;, 1(t2,t10)g2(t2)dt
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L,

Accordingly, the HSIEs for the crack Lo can be derived in a similar manner, as shown below.
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[N (tao) + 1T (t20)]2 = p 7€2 m + G . M (t2,t20)92(t2)dts

1
+ Py Es(ta,t20)g2(t2)dts + M3(az, tao)
L,

1 gl(tl)dtl 1
— _— 4 — Mq(ty,t t1)dt
7T/Ll PETE + o . 1(t1, t20) 91 (t1)dty
1 -
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Ly

It is important to note that the first integral appearing on the right-hand side of Eqs. (13) and
(14) corresponds to a hypersingular integral, which should be interpreted in the sense of a finite-
part integral. In solving the HSIEs for two cracks in TEBM, it is well known that the curved
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length coordinate method can been used and defined as follows

g9(t)

Nz )

H(s) =
Then applying the quadrature formulas (Mayrhofer & Fischer 1992; Monegato 1994; Mason &

Handscomb 2002; Kythe & Schiferkotter 2004).
The DSIFs F4, and Fg, at crack tips A; and B; respectively, are defined as

Ka, = (Ki = iKo)a, = V2r lim /|t = talgi(t) = VarFa,,  j=12 (16)
— Aj
Kp, = (K1 —iKj)p, = \/27Ttli£n it —tB,|g5(t2) = VarFg,, i=12, 17
. . S, \

where Fy, = Fia, +ilFb4, and Fp, = F1p, + tFop;. A crack propagates when the DSIFs
reaches or exceeds its critical limit (Petersen 2013). The material exhibits reduced strength as
the DSIFs approaches higher levels (Wang 2003).

3. Numerical Results and Discussions

Consider two slanted cracks in series (Figure 1 (a)) and two slanted cracks in parallel (Figure 1
(b)) in TEBM under shear stress as defined in Figure 1.

o =p o =pi oY =p ey =pi
< = —> -— B >
§ 2a | = ]
% i
5 B L ' 5
2a - o 2a %, 0 1 : :
i 4
t [} H 2
A1~ h b By h //
J : 2a_~ o
L H il
LGy, 4] Ljis =
% Gy, Kp, A, ) d s 4 Iy
1Gy,Ky, 4, Lb::
1G5 ka3,
— ] :
Oy =P br =Pt ':E >
Y ioY=p Oy =P
(@) (b)

Figure 1: Two slanted cracks in TEBM under shear stress.

Table 1 shows the Mode I (F}) and Mode II (F5) DSIFs for two slanted cracks in series in
TEBM under shear stress when a; = ag = 90°, 2a/h = 1.8, Go/G1 =1.0and J = U =0 at
crack tips A; and A, (Figure 1 (a)). The DSIFs at crack tips A; and A are found to be identical
to those at tips B; and Bo, respectively. The outcomes of this study align well with the findings
reported in Hamzah et al. (2019), Denda & Dong (1997), and Murakami (1987).

Consider two slanted cracks defined in Figure 1 (a) when oy = 90°, h = a/0.9 and U = 0
for J = 0 (Blue), J = 20 (Red) and J = 60 (Black). Figure 2 presents the Mode I (F7)
DSIFs versus ay at all crack tips. It has been identified that changes in g have little effect on
Fy at crack tips A; and As. However, when «s exceeds 30°, Fi at tips By and Bs exhibits a
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Table 1: DSIFs for two slanted cracks in series in TEBM when avi = a2 = 90°, 2a/h = 1.8, G2/G1 = 1.0 and
J=U=0.

DSIFs 2a/d
0.2 0.4 0.6 0.8 1.0 2.0 3.0 5.0

Fra,* 0.9858 0.9505 0.9092 0.8722 0.8431 0.7734 0.7463 0.7215

Fia, ** 0.9857 0.9505 — 0.8722 0.8431 0.7734 — 0.7215

Fra, **x 0.9870 0.9517 — 0.8732 0.8440 0.7746 — 0.7129

Fra, **%x% 0.9855 0.9508 - 0.8727 0.8319 0.7569 - 0.6962

Fra,* 0.9858 0.9506 0.9092 0.8722 0.8431 0.7734 0.7463 0.7215

Fra, ** 0.9857 0.9505 - 0.8722 0.8431 0.7734 - 0.7215

Fop, x 0.0014 0.0094 0.0246 0.0431 0.0611 0.1165 0.1405 0.1633

Fop, * % 0.0014 0.0094 — 0.0431 0.0611 0.1165 - 0.1633

Foa,% —0.0014 —-0.0094 —-0.0246 —0.0431 -0.0611 —-0.1165 —0.1405 —0.1633

Fop, * % —0.0014 —0.0094 — —0.0431 —0.0611 —0.1165 - —0.1633

*Present study

**Hamzah et al. (2019)

***Denda & Dong (1997)

*#%*¥Murakami (1987)
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Figure 2: Mode I (£1) DSIFs versus o at all crack tips (Figure 1 (a)).

noticeable amplification. As the ratio G2 /G becomes more pronounced, a reduction in F is
evident across all crack tips. In contrast, higher values of J correspond to elevated Fj at crack
tips A and Ao, while F at tips By and Bjs tends to diminish. Figure 3 illustrates the Mode
II (F») DSIFs as a function of ao at all crack tips. It is observed that F5 rises at crack tips
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Figure 3: Mode II (F3) DSIFs versus s at all crack tips (Figure 1 (a)).

Aj but falls at As when ag > 30°, while at crack tips By and Bs, Fb reduces for ag < 45°.
For higher values of G3/G1, F» becomes more pronounced at crack tips By and By. Simi-
larly, as J grows, F» becomes more significant at B; and Bs, but at A; and As, a reduction
in F5 is noted. The numerical results suggest that larger o and J lvalues are associated with
weakened material strength, implying a greater vulnerability to crack propagation and struc-
tural failure under enhanced shear loading and crack misalignment. This highlights the need for
careful design to minimize crack angles and loading intensity to maintain structural integrity.
Conversely, an increase in the ECR G2 /G enhances material stability by improving resistance
to crack growth and fracture. This suggests that selecting materials with higher stiffness con-
trast between bonded layers can effectively enhance fracture toughness and overall durability in
thermoelectric bonded structures under operational stress.

Consider two slanted cracks in parallel within a TEBM under shear stress, as shown in Fig-
ure 1 (b), where a1 = a, h1 = a/0.9, hy + he = 3.5a, and U = 0 for J = 0 (Blue), J = 10
(Red) and J = 20 (Black). Figure 4 illustrates the Mode I (£7) DSIFs as a function of «; at
all crack tips. The results show that as a;; becomes larger, F; becomes more pronounced at all
crack tips. When G2/@G] rises, a reduction in F; occurs at crack tips A; and Ag; however, at
crack tips B; and By, F; becomes more significant for J = 0 (Blue) and J = 10 (Red), and and
for J = 0 (Black), it becomes less. As J grows, F intensifies at all crack tips. Figure 5 shows
the Mode II (F») DSIFs as a function of a at all crack tips. It is observed that for oy > 45°, F5
becomes more significant at all crack tips. When G2/G| rises, F» becomes more pronounced
at crack tips A;, By and Bs; however, at crack tip Ao, F5 is reduced for J = 20 (Black),
and becomes larger for J = 0 (Blue) and J = 10 (Red). As J grows, F5 reduces at crack
tips Ay, As and Bi, but at crack tip Be, F> becomes more pronounced. The numerical out-
comes suggest that increasing in o1 and J reduces material strength by promoting higher stress
concentration at crack tips, increasing the likelihood of crack propagation and structural fail-
ure under shear loading. This implies that minimizing crack inclination and loading intensity is
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Figure 4: Mode I (F) DSIFs versus «; at all crack tips (Figure 1 (b)).

critical for maintaining structural integrity in TEBM. On the other hand, a higher ECR (G2/G1)
enhances material stability by increasing resistance to crack growth, thereby improving fracture
toughness. This indicates that selecting materials with higher stiffness contrast between bonded
layers can enhance the overall durability and performance of TEBM under operational stress.

4. Conclusion

In this investigation, HSIEs have been utilized to conduct a numerical analysis of DSIFs for
two slanted cracks in for TEBM under shear stress. Building upon prior work that primar-
ily focused on the mathematical formulation of similar problems (Mohd Nordin ef al. 2023b),
this study introduces significant advancements. A key contribution is the innovative applica-
tion of the MCVF method, traditionally employed for crack problems in bonded materials, to
specifically analyze two slanted cracks in TEBM. This approach utilizes HSIEs, with critical
variables including the COD, current vector field, and surface energy load between crack tips.
The comprehensive solution derived for the HSIEs effectively captures the complexity of two
slanted cracks in TEBM. Numerical results reveal that the DSIFs are influenced by factors
such as the ECR, current vector field, crack geometries, and the proximity of the crack to the
boundary. These insights are crucial for understanding how such factors affect the mechanical
performance and reliability of TEBM.

Beyond theoretical contributions, the findings have practical implications for engineering
applications. The results provide a valuable framework for designing TEBM with enhanced
durability and reliability under mechanical and thermal stress. Engineers can use the insights
from this study to optimize material configurations, predict failure modes, and improve safety
margins in applications such as energy harvesting devices, aerospace systems, and microelec-
tronics. The methodology could also be integrated into material testing protocols and quality
control processes to assess and mitigate crack propagation risks.
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Figure 5: Mode II (F») DSIFs versus o at all crack tips (Figure 1 (b)).

This study also opens up several promising directions for future research. Potential ex-
tensions include investigating cohesive crack models, analyzing cracks at material interfaces,
exploring the effects of inclusions on crack behavior, and addressing three-dimensional crack
problems in TEBM. Such efforts will further bridge the gap between theoretical models and
practical applications, ultimately enhancing the performance and reliability of advanced bonded
materials in diverse engineering contexts.
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