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1.1 Introduction

e  The system of linear equations is formed by the addition of the products of
a variable with a coefficient, which is also a constant.

e  The system of linear equation can be solved via matrix approach.

e The general form of a set of a linear equation having n linear equations and
n unknowns is

Ay X +anX, +--+a, X, =hb

1n“*n

Ay Xy 85X, +ooo+8,,X, =D,

(1.1)

A X +a,X, +--+a, X, =b

where X;,X,,..., X, are variables or unknowns, a;; and b; are coefficient or
constant (real or complex).

e Eq. (1.1) can be written in a more compact form:
[aij]'{xj}:{bi} A-x=b (1-2)

where A is a matrix [a;] of size nxn, X is a variable vector {X;} and b is a
right-hand side vector {b;}.

e  The process of solving Eq. (1.2) yield three possible solutions:

1. Unique solution —e.g.:

3% + X, =

1 1
X, =X, ==
X + 3%, =1 o
2. Nosolution —e.g.:
-X + X =1
XX — X =1
3. Infinite solutions — e.g.:
X, + X, =

2%, + 2X, = 2
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1.2 Elimination Methods

e The most popular method is the Gauss elimination method, which
comprises of two steps:

1. Forward elimination to form an upper triangular system via row-
based transformation process,
2. Back substitution to produce the solution of x;.

e  Consider the following system:
Ay Xy + A Xy +o Ay Xy =Dy

A Xy + 85X, +--+a, X, =D,

If a;; #0, for i=2,3,...,n, substract the i-th equation with the product of
a;;/a;; with the first equation to produce the first transformed system:

A X+ oapX, + o+ aX, = b
aglz)x2 Foee 4 aglgxn - bgl)
a,(}z)x2 b 4 ar(]ln)xn - br(]l)

where
1 dj; ..
ai(j) ai,-—a—'al,- for i,j=2,3,....n

11

a.
bi(l) = bi _a_llbl fori=23,....n
11

The process can be repeated for (n—1) times until the (n—1)-th transformed
system is formed as followed, which completes the forward eliminations:

aX t+ apX, + Xy + o+ X, = b
NN S M

agzza)xs + o+ a:(sﬁ)xn = bgz) (1.3)
a0y — p-d)

nn n n
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where

(k) _ gk a ™ (k1)

ij = 4 —;kt_—l)ak, for i,j=k+1,...,n (1.4a)
(k-1)
) _
b*) = bt ‘y'kkfﬂ b for i=kel,...n (1.4b)
kk
Back substitutions can then be executed so that x; are solved:
pnY
Xo = ar(]?]_l) (1.5a)
SR IN(SVRE QPR (Y
X =" b, ™ - Zak,- Xj| for k=n-1,...,1 (1.5b)
A j=k+1

e The above method can fail if a, — 0, the row has to be interchanged,
which is referred to as pivoting:

X2 = 2 Pivoting Xl + X2 =

—
XX + X, = 3 X, = 2

where the new diagonal element a,, is called a pivot, which can be selected
among the maximum absolute value of aj.

e The pivotal Gauss elimination gives a more accurate solutions, e.g.
consider these systems (values to be rounded up to 3 significant figures):

Original Gauss elimination:

0.00126  0.417 | 0.418] (2, 2* () [0.00126 0.417 0.418
134  -0.708 | 0.632 "10.0 —444.184 | - 443.908

X, =0.999 X, =1.125

Pivotal Gauss elimination:

134 -0.708 | 0.632] ") [1.34 —0.708 | 0.632
0.00126  0.417 | 0.418 100 04180417
x,=0998  x, =0.999
Exact solution:

X1=1 X2:1
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Example 1.1

Solve the following system using the Gauss elimination method:

2%, + X, + 3X3 =1
2X; + 55X, + 9%x3 = 3

Solution
The system can be rewritten in matrix form as:

2 1 3](x] 1 2 1 3|1
4 4 TRx, =11t o [A|b]=|4 4 71
2 5 9||x] |3 2 5 9|3

First step of forward elimination:

1 3
(2)-2(1)=(2)
B)-1)=0) N 11-1

N
[N

o O
AN
»
N

Second step of forward elimination:

2 1 3] 1
@22=0) y|g 2 1|-1

0 0 4] 4

Hence, the transformed upper triangular system is:

2%, + X, + 3, = 1
2%, + X = -1
4x, = 4
Back substitutions are as follows
X, =4/4=1
-1-x
2 = 2 3 = —1
1-x, —3X, L
1= 2 =72
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Perform the pivotal Gauss elimination to the system given in Example 1.1.

Solution

The pivotal Gauss elimination can be performed as followed:

2 1 3|1 4 4 7(1] @40=0
4 4 7|1|—W=@ y 1 3|1 O j
2 5 9|3 2 5 9|3
4 4 7|1 . [4
@=6) g 3 u s (3)—2)=(3) 0
0 1 3|3 .

Hence, the upper triangular system is:
4%, + 4X, +  TX
3x, + ix

4
3X3

Then, back substitution can be performed:

Xs=3/3=1
> _11nq
X, =2 32():—1,
1-4(-1)-7(1)
X, = 1

4

4 7
-1 -1
3 4
71
i | s
2 |2
414
3 13

[EEN

R[N
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1.3 Decomposition Methods

In some cases, the left-hand side matrix A is frequently used while the
right-hand side vector b is changed depending on the case.

The overall system can be transformed to an upper triangular form so that it
can be used repeatedly for different b, thus matrix A has to be decomposed.

For a general non-symmetric system, the popular method is the Doolitle or
LU decomposition:

A=LU (1.6)

where L and U are the lower and upper triangular matrices, respectively:

&y dp a3 1 0 0fjuy u, ugq

dy Ay Ay | = I 21 1 00 wu 22 Uy
Ay 385 Agg B I 31 |32 1 0 0 Uss
U, U, U;

l,, U, Uy | (inmemory)

[y 1y, ug
The solution steps of the system are as followed:
A-x=b = LU-x=Db
By taking an intermediate vector y:
U-x=y (1.7)
Hence,
L-y=Db (1.8)

The elements for L and U can be obtained from the Gauss elimination:

Ay &, A 1 0 0
U=|0 aglz) a£13) L=|a,/a, 1 0
0 0 ag ag /e, ag/ay 1
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e  Another variation of the LU decomposition is the Crout decomposition,
which maintains u;; =1 for i =1,2,...,n in U instead of L:

For the first row and column:

l, =ay, fori=1,2,...n (1.92)
uy; =— forj=23,...n (1.9b)

Forj=2,3,...,n-1:
j

-1
l; =a; =D LUy fori=j, j+1,...,n (1.9¢c)
k=1

j-1
aAjy _leiuik
_ =)

|

fork=j+1, j+2,...,n (1.9d)

i

dan,

n-1
Inn =a,, _Z Inkukn (199)

k=1

e If the system is symmetric, the Cholesky decomposition can be used, where
matrix A can be decomposed such that:

A=LL" (1.10)

For the k-th row:

hi=——"—— fori=12...k-1 (1.11a)

k1
L = . |8 _Zlkzj (1.11b)
\ =1

This method optimises the use of computer memory in storing the
decomposed form of A.
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Example 1.5

Decompose the following matrix using the Doolittle LU decomposition:
2 1 3
A=l4 4 7
2 59

Solution
With reference to the matrix elements derived in Example 1.1:

2 1 3 1 0 0] 100
U=(0 2 1|, L=[42 1 o0[=[2 1 0|
00 4 22 4/2 1| |1 2 1

Example 1.7

Decompose the following matrix using the Cholesky decomposition:

2 1 3
A=|1 4 5
3 59
Solution
By using Eq. 1.11:
|11:\/a11:‘/§’ |21:a21/|11:]/\/§’
|31 = a31/|11 = 3/‘/5’ Izz =48y — |221 =

8y — lyly / 2 _ 12
|32 = = 7/2’ |33: a33"31"32 =1

|22

Maka,
1.41421 0 0

V2 0
L=[1/J2 7/2 0|=|0.70712 1.87083 0
3/42 1| |2.12132 1.87083 1
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1.4 Matrix Inverse and Determinant

The Gauss elimination can be used to generate the inverse of a square
matrix A by replacing the left-hand side vector b with an identity matrix I.

By using the following identity:

A-Al=] (1.12)
If all columns of A are written as X(l),x(z),...,x(”) and the columns of the
| as e(l),e(z),...,e(”), respectively, thus Eg. (1.12) can be rewritten as:

A (XY x@ L x1)=(eW,e® ™)

Then, a set of n linear systems can be assembled:

A-xV—e®

A- X(Z) — e(z)
. (1.13)

A-xn) —g)

Consequently, the determinant of matrix A can simply be calculated using:
det(A)=|A|=(-1)" ajaias;...an™ = (1)’ [ [aj™ (1.14)
i=1

where p is the number of row interchange operation during pivoting.
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Example 1.8

Determine the inverse of the following matrix using the Gauss elimination:

4 2 -1
A=l1 1 1
2 -1 -1
Solution
The combination of A and I can be represented in an augmented form:
4 2 -1/1 0 O Gauss 4 2 =111 00
1 1 1/0 1 0 Hmwm>, g i 2]-1 10
2 -1 -1|0 0 1 00 2|-3 41
Upon back substitution:
0 g g
x® — % x ) — _% x©®) — _%
-3 : 3
Hence, the inverse of A is
0 1
I
48 3
Example 1.9
Calculate the determinant of the matrix given in Example 1.8.
Penyelesaian
In Example 1.0, there is no row interchange performed, thus p =0. Hence,
4 2 - 4 2 -
det(A)=[1 1 1|=(-1Px0 3 §|=(a)NNe)-9
2 -1 - 00 2
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1.5 Errors, Residuals and Condition Number

If X" is an approximate solution of a linear system A-x=b, then the
system error is defined as

e=X—-X (1.16)
On the other hand, the system residue r is defined as

r=A-e (1.17)
or, r=A-x-A-x=b-A-x
For a well-conditioned system, the residue can represent the error.

Moreover, for comparison, a matrix or vector can be expressed in form of a
scalar known as norm.

For a vector X= (Xl, Xyyeoy X, )T , the p-norm is defined as
p
1 n
b, = el e ) = P 20
i=1

If p=1,itis known as 1-norm:

[y = Pl o = 2 (119)

i=1

If p=2, itis known as Euclidean norm:

I, =[x, =X 36 432 = > x (1.18)
i=1

If p — oo, it is known as a maximum norm:

I, = maxi .. o=

I<i<n I<i<n

| (1.21)

For a matrix A=[a;] of size mxn, the Frobenius norm, which is
equivalent to the Euclidean norm for vectors, is defined as

|A, = ,/ZZa (1.22)
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and, the equivalent 1-norm and maximum norm for a matrix are defined as

1A, = ggj@;i\au\ = maximum sum of columns (1.23)
il
A = T|§z<2‘aij‘ = maximumsum of rows (1.24)

e  The properties of norms of a vector or matrix A are as followed:

1. |A]z0 and |A| =0 if, and only if, A=0.

2. |cA|=][c-|A] where c is a scalar quantity.

3. |A+B|<|A|+|B| Triangular inequality, where B is a vector or
matrix of the same dimension of A,

4. |A-B|<|A|-]|B] Schwarz inequality, where B is a vector or

matrix which forms a valid product with A.

e The concept of norms can be used to calculate the condition number
represents the ‘health’ of a linear system, either ill- or well-conditioned.

e If e is the error for the system A-x=Db, from the relations A-e=r and

e=A".r, the following inequality can be established:

~ r _
A2 and <l = S <jel<iac)

A

Also, from A-x=b and x=A"-b:

b
A= [b] and || <]a”]-[o] = M<HXHSHA‘1H-HbH

Al

Thus, the combination of both inequality relations yields the range of the
relative error HGH/HXH i.e.

1 M<M< Al AT H
e <A g

° Hence, the condition number is defined as

x(A)=|A]-|A7 (1.25)



Chapter 1 Systems of Linear Equations / 14

where the range of the relative error is.

1 I I
— Tl S e S KA 1.26
«(A) To] "I o] .26

e  The characteristics of the condition number are that:

1.  x(A)>1 — the smaller the better, and otherwise.
2. If x(A)>1 , the relative residual |r||/|[o| can represent the relative

errors [e]/] .

e If the error is solely contributed by matrix A, the inequality becomes:

Tl a [Eol
‘X*HS (A) HAH (1.27)

e On the other hand, if the error is solely contributed by vector b, the
inequality becomes:

o A-M 1.28
= A (128

e  Therefore, from Eqgs. (1.26-8), it can be seen that the condition number can
determine the range of error and thus the health of a system.
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1.7 Iteration Methods

e  For large systems (size > 200), the elimination and decomposition methods
are not efficient due to increasing number of arithmetic operations.

e  The number of arithmetic operations can be reduced via iteration methods,
such as the Jacobi iteration and the Gauss-Seidel iteration methods.

e Inthe Jacobi iteration, Eq. (1.1) can be written for x; from the i-th equation:

1
X = __(aj.ZXZ + Xy + o+ 3, X, _bl)

a;;
! b
X, = __(321)(1 Ay Xyt ay X, — 2)
2 (1.29)
L )
Xn = anlxl + anZXZ +-+ a'n,n—lxn—l - bn

nn

Eq. (1.29) needs initial values x“’):(xfO),xg‘”,...,ng))T, which yield

U . .
xW = (Xl(l), XV, X,(f)) , and the computation continues as followed:

1
(k+l) _ (k) (k) (k)
) ___(312)(2 +apX; e+ a X, _bl)
1
ey _ 1 ( (k) (k) (k) b)
X5 =——@yX T tapXy t+ a3 X -0,
22 (1.30)
ey _ 1 ( (k) (k) ) _p )
Xn - anlxl +an3x3 +”'+an,n—1xn—1_ n

nn

For k — o, vector x¥ converges to its exact solution if the diagonal
domain condition is followed, i.e.

\a"\>§‘aij‘ fori=1,2,...,n (1.31)
=

and the matrix which follows this condition is called a diagonal domain
matrix.
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e To terminate the iteration process, a convergence or termination criterion
can be specified, i.e.

Hx(k“) —~ x(k)H <¢ (1.32)

e The Gauss-Siedel iteration method uses the most current known solution
after each arithmetic operation in order to speed up convergence:

1
(k+1) _ (k) (k) (k)
X —__( 2 Xy T T aXy T e+ X _b1)
1
(k+1) _ 1 ( (k+1) (k) (k) b)
X; =-——\ayX FayX; T+ Xy —h,
2 (1.33)
(k+1) _ 1 ( (k+1) (k+1) (k+1) b)
Xn - anlxl +an3X3 +”'+an,n—1xn—1 My

nn

e As of the Jacobi method, the Gauss-Siedel method must also observe the
diagonal domain condition for convergence to be possible (see Fig. 1.1).

XX — 2X, = =2 2X, + X, =
2X, + X, = 2 X\, — 2X, = -2
XZ A X2 A
2X1 + X2 = 2
X1
X1 — 2% = =2 21+ Xp =2
(@) The off-diagonal domain system (b) The diagonal domain system

Fic. 1.1 Divergence and convergence in the Gauss-Seidel method
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Example 1.10

Use the Jacobi iteration method to solve the following system up to 5
decimal points:

64x, - 3X, - X, = 14
X, + X, + 40, = 20
2%, — 90x, + X, = -5

Solution
First of all, form a diagonal domain system:

64x, - 3X, - X, = 14
2x, — 90x, + X, = -5
X, + X, + 40x, = 20

Then, rewrite the system according to Eq. (1.30):

gy 1

(= (- 3x{) — x¥) _14)

X+ = +%(+ 2x) 4 x4 5)

X+ = —4—10(+ x4 x ) 20)

By taking an initial values X =(0, 0, 0)", thus the method converges
within 5 iterations:

lteration no. 1:  x¥ = (0.21875, 0.05556, 0.50000)",
lteration no. 2:  x® =(0.22917, 0.06597, 0.49592)",
lteration no. 3:  x® = (0.22955, 0.06613, 0.49262),
lteration no. 4:  x“ = (0.22955, 0.06613, 0.49261)",
lteration no. 5:  x® = (0.22955, 0.06613, 0.49261)".
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Example 1.11
Repeat problem given in Example 1.10 using the Gauss-Seidel iteration
method.
Solution
First of all, form a diagonal domain system:

64x, - 3x, - X, = 14
2%, — 90x, + X, = -5
X, + X, + 40x, = 20

By taking an initial values x® = (0, 0, 0)", the first solution in the first
iteration:

x = —i[— 3(0)-0-14]=0.21875
64
Use x® to calculate x{” and so on, i.e.
x{ = 9—10 [2(0.21875) + 0 + 5] = 0.06042

x = —4%(0.21875 +0.06042 — 20) = 0.49302

Hence, the method converges within 4 iterations:
x® = (0.21875, 0.06042, 0.49302)",
x? = (0.22929, 0.06613, 0.49262)",
x® = (0.22955, 0.06613, 0.49261),
x® = (0.22955, 0.06613, 0.49261)".



Chapter 1 Systems of Linear Equations / 19

1.8

Incomplete and Redundant Systems
If m=n, there will be two situations:

1. m<n—incomplete system.
2.  m>n— redundant system.

For incomplete system, no solution is possible since additional (n—m)
equations from other independent sources are required until m =n.

For redundant system, a unique solution is not possible, and the system has
to be optimised via least square method (also known as linear regression):

S =[e; =eTe,
—(b-A-x)"(b-A-x),
=b"b—(A-x)"b-b"(A-x)+(A-x)"(A-x),
=(A-x)"(A-x)=(A-x)"b.
Using the identity (AB)' =BTAT:
S=x"-ATA.x-x"-A".b
Minimising S:

a—ST:O:ATA-x—ATb
OoX

forms an approximate system of n equations, i.e.
ATA.-x=AT.b (1.34)

where the left-hand side matrix ATA is symmetry and the standard deviation
o can be calculated from the Euclidean norm of e, i.e.:

[ _H
= = (1.35)
m-n m-—n
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Example 1.12

Calculate the best approximate solution for the following system:
2%, + X, + 3X3 =1
4%, + 4x, + IX3 =
2%, + 55X, + 9X3 =
5X; 4+ 9%, + 9X; =
7%, + 10x, + 15x; =

A N W R

Also, calculate the resulting standard deviation.
Solution

The above system can be rewritted in form of A-x=Db as:

2 1 3 1

4 4 T|[x 1

2 5 9kKX,r=143

5 5 9]|x; 2

7 10 15] 4

By using Eq. (1.34):

2 1 3] 1
2 4 25 7|4 4 T||[x]| |2 4 25 7|1
1 4 5 5 1002 5 9|Kx,p=|1 4 5 5 10K3
3 7 9 9 15|5 5 9|||x3] |3 7 9 9 15}2

7 10 15 4

98 123 202 (x 50
123 167 271 Wx,+=4 70
202 271 445 ||x,| [100

where its solutions are
X, =—0.34930, x, =-0.01996, x; =-0.42914.
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The standard deviation can be obtained from the Euclidean norm of the

error e:
1] [2 1 3] (043114
1| |4 4 7|[-034930) |-0.52695
e=13—-(2 5 9|{-0.01996 @ ={-0.06387
2| |5 5 9| 042914) |-0.01597
4] |7 10 15 0.20758

e, = 1/0.431142 + (- 0.52695)? + (- 0.06387) + (~ 0.01597)% + 0.207582,
=0.71483.

Therefore,

~0.71483

J5-3

= 0.50546

(o}



Chapter 1 Systems of Linear Equations / 22

Exercises

1.

Consider the following system:

1 2 4 87)(x 1.2
012 3|x| |-02
01 4 12|]x[ | 08
111 1]l 15

a.  Use the Gauss elimination method to obtain the solution of x;.
b. Calculate the determinant for the left-hand side matrix.
c. Generate the lower and upper triangular matrices using the Doolittle factorisation.

Consider the following system of 2 complex equations:
2+21 -1+2i[z,| |1-4i
~3i  3-2illz,| |2+4i
By writing z, =X, + y,I, solve the equation using the Gauss-Siedel iteration method
using Microsoft Excel until it converges up to 5 decimal points.

Consider the following set of redundant equations:

X, — 2%, + X3 = 2
X, — 33X, + X3 = 5
X + X, — X3 = =95

2%, + X = =2

2%, — Xy + X3 = 2

a. Derive an approximate system of linear equations and solve it via the Gauss
elimination.
b. Calculate the corresponding standard deviation.
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