Chapter 3

Two-Dimensional Finite Element

3.1 Introduction

The displacements, traction components and distributed body force values are func-

tions of the position indicated by (x, y)The displacement vector u is given as:

u=[u,v]T

where u and v are the  and y components of u. The stresses and strains are given
by

T T
o= [U:rv Oy, sz] €= [6937 fya'Yzy]

Figure 1:

From Figure 3.1, representing the two-dimensional problem in general setting, the

body force, traction vector and elemental volume are given by:
T T
f=[fe,fy] , T=[T,Ty]" and dV =tdA
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where ¢ is the thickness along the z direction. The strain-displacement relations are

oo (ou on\]"
oz’ oy’ \ Oy Oz

Stresses and strains are related by

given by

o = De

Figure 2:

Figure 3.2 above shows the two-dimensional region is divided into straight-sided tri-
angles. The points where the corners of the triangles meet are called nodes. Each
triangle is called an element. The elements fill the entire region except a small region
at the boundary. It can be reduced by choosing smaller elements or elements with
curved boundaries. For two-dimensional problems, each node is permitted to displace
in only the two directions z and y. Thus, each node has two degree of freedom (dof).
The numbering scheme for the displacement are taken as ()2;_1in the z-direction and

in @2; the y-direction. We denote the global displacement vector as

Q=1[Q1,Q2,...,Qn]"

where N is the number of degrees of freedom. Information about the numbering

scheme can be seen from the element connectivity in Table 3.1 below.



Table 1:

Element Number Three Nodes

e 1 2 3
1 1 2 4
2 4 2 7
11 6 7 10
20 13 16 15

The displacement components of a local node j in Figure 3.3 are represented as q2j-1
and ¢2j in the x and y directions. Thus, the element displacement vector is
a=[q,q2, - ,q6) "
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Figure 4:

3.2.1 Displacement

The displacements at points inside an element as shown in Figure 3.4 above is repre-

sented as:
N1+ N+ N3 =1
where
A
N =¢= 71
A
N2 :7]: 72

A
Ny=1-¢-n==¢

The displacements can be written using shape functions. We have:



u = Niq1 + Nagz + Nsgs
v = Nig2 + Naqq + N3gs

or becomes
u=[q+g5]§+ (63 +3g5)n+ a5
v=1[q2 —q6] £+ (g4 — q6) N + g6
In the z and y coordinates:
= Nix1 + Noxo + N3xs
y = Niy1 + Naya + N3ys
or
r=(z1 —x3)§+ (T2 —23) N+ 3
y= (1 —ys) &+ (Y2 —ys)n +ys
or in simpler way

T = w136 + w237 + X3

Yy = y13§ + Y230 + Y3

3.2.2 Strain

Using chain rule, partial derivatives of u and v with respect to  and y or ¢ and 7

gives.
ou_ouds  oudy
o0& 0x 0¢ Oy O
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ou_0ude | dudy
on  0xdn 0Oyon

which can be written in matrix notation as
du oz Oy
¢ — | o¢ o¢
du T %z Oy
on on on

where (2x2) matrix is denoted as the Jacobian of the transformation, J:

9z Oy
J— | o€ o

oz Oy

on on

On taking the derivatives of = and y,

Strain, €

ou ov
7_’_%

1 Y2191 + Y3193 +  Y12Qs
€= detJ T32q2 + Ti13q4 + X21Gs
T32¢q1 + Y2392 + T13¢3 + Ys31q4 + T21q45 + Y1206

This equation can be written in matrix form as ¢ = Bq, where

Y23 0 y31 0 yi2 O
0 32 0 13 0 T12

32 Y23 T13 Y31 T21 Y12

3.2.3 Potential-Energy Approach, IT

The potential energy of the system, Ilis given as:
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1/ T / T / T T
II=- [ e DetdAd— | u ftdA— [ u tdl — u P
2Ja A ¢ ZZ:

3.2.4 Galerkin Approach

Variational form is given by:
/ ole(¢p)t dA— (/ prftdA + /¢>TTt de — ZMPZ) =0
A A ¢ p

3.2.5 Element Stiffness

Element strain energy is given by :

U, % fe eTDet dA

3 [.q"BTDBqt dA
= %qTBTDBqte fe dA
= %theAeBTDBq

= 3d'kq

where k€ is the element stiffness matrix is given by:

k¢ =t,A.B"DB

then

U=>" %queq
U= 1d"KQ

3.2.6 Force Terms

1) Body force term [ uftdA is given by :
/ utftdA =qTre
A
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where f¢ is the element body force vector given by:

t(iAE
£ =< fos fuo For Fuo S 1]
Global force vector F is:
F=>) f
2) Traction force term, fe uT Tt dlis given by:

/ uI'Ttde = (a1, g2, g3, %]Te
£1—2

where T¥¢is:

Te teli—2

[2Tz1 + Tw2; 2Ty1 + Ty27 Tzl + 2Ta:2a Tyl + 2Ty27] T

where,

li_o= \/($2 - $1)2 + (y2 — y1)2

3) Point load term, uTP;is given by:

W'P; = Q21 Py + Q2 P,

The contribution of body forces, traction forces and point loads to the global force F

can be represented as:

Fe > (f°+T°)+P

The total potential energy, Ilis given by:

= 2Q"KQ-Q'F

Then,



KQ =F
where K and F are modified stiffness matrix and force vector.

3.2.7 Stress Calculation

Using the stress-strain relations and element strain-displacement relations, stress, is

given by:

o =DBq

3.2.8 Temperature Effects

The element temperature load is given by:

0 = t.A.BTDe¢

For plane stress, g = [aAT,aAT,0] T
For plane strain, ¢y = (1 + v) [@AT, aAT,0] T

Example: For the two-dimensional loaded plate shown in Figure 3.5 below, deter-
mine the displacement of nodes 1 and 2 and the element stresses using plane stress

conditions. Body force may be neglected in comparison with the external forces.



y 1000 b

Z 1
; X
4
4 Thickness ¢ = 0.5 in.,
| E =30 x 10° psi,v = 0.25

Figure 5:

Solution:

For plane stress conditions, the material property matrix is given by:

1 v 0 3.2x107 0.8x107 0
E 7 7
00 3¢ 0 0 1.2x107

Using the local numbering pattern, we establish the connectivity as follows:

Element Number Three Nodes
1 2
1
2 3 4

We know that:

1 y23 0 y31 0 g2 O

Be:detJ 0 232 0 x13 0 12

r32 Y23 T13 Y31 T21 Y12

where, det J = z13y23 — T23¥13
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On performing the matrix multiplication DB®, we get

1.067 —04 0 04 -1.067 0
DB'=10"| 0.267 —16 0 1.6 —0267 0
—-06 04 06 0 0 —0.4

—-1.067 04 0 -04 -1.067 O
DB? =107 | —0.267 1.6 0 -1.6 -0.267 O
0.6 -04 -0.6 0 0 -04

These two relationship will be used later in calculating stresses using ¢¢ = DB°q

The multiplication t,A,B*TDB® gives the element stiffness matrices,

[ 0983 —05 —045 02 —0533 03 |
14 03 —12 02 —02
W07 045 0 0 -03
12 —02 0
0533 0
| Symetric 0.2 ]
[ 0983 —05 —045 02 —0533 03 |
14 03 —12 02 —02
2 045 0 0 —03
12 —02 0
0533 0
| Symetric 0.2 ]

In the problem under consideration, Q)2, @5, Qg, @7 and Qg are all zero.

Using the elimination approach, it is sufficient to consider the stiffness associated
with the degree of freedom@, @3 and Q4. Since the body force is neglected, the first

vector has the component Fy = -1000lb. The set of equation is given by the matrix

representation:
0.983 —-0.45 0.2 Q1 0
107 | —0.45 0983 0 Q2 ¢ = 0
0.2 0 1.4 Qs —1000
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Solving for @1, @3 and Q we get,

Q1 = 1.913x10"%in, Q3 = 0.875x10°in, Q4 = —7.436x10 °in

For element 1, the element nodal displacement vector is given by:

qt = 1075[ 1913 0 0875 —-7.436 0 O }T

The element stresses, o'are calculated from DB'q

ol = { —93.3 —1138.7 —62.3 }Tpsi

Similarly,

q2:10*5[0 0 0 0 0875 —7.436}T

o2 = [ 934 234 —2974 }Tpsi

Solution using CST program
Input data file for CST program

2D STRESS ANALYSIS USING CST

NN NE NM NDIM NEN NDN
4 2 1 2 3 2
ND NL NMPC
1 0
Node# X b 4
1 3 0
2 3 2
3 0 2
4 o] 0
Elem# N1l N2 N3 Mat# Thickness TempRise
1 4 1 2 1 0.5 0
2 3 4 2 1 0.5 0
DOF# Displacement
2 0
5
3 0
¥l 0
8 ]
DOF# Load
4 -1000
MAT# E Nu Alpha
1 3.00E+07 0.25 1.20E-05
Bl 5 B2 3 B3 (Multi- constr. Bl*Qi+B2*Qj=B3)
point
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Result from CST program:

Node# X-Displ ¥-Displ
p i 1.908E-( -5.862E-0%
2 8.733E-06 =7.416E-05
3 1.922E-09 -1.184E-09
4 -1.922E-09% -9.70%E-11
Elen? sX 5Y TXy si s2 33
1 -93,122379% -1135.592 -62.08159 -89.4383 -113%.28 -3.3961
2 93.122379 23.2642918 -296.612 356.854% -240.468 -41.641%
DOF# Reaction
2 820.6532
5 =269.02021
& 165.75423
7 269.02021
8 13.592574

The computer result may differ slightly since the penalty approach for handling

boundary conditions is used in the computer program.
3.3 Basic Modeling and Simulation Procedures Using Femlab
Model Navigator

The Model Navigator appears when we start Femlab or when you restrart from stracth
within femlab by selecting New from the File menu or clicking on the New toolbar
button. In the Model Navigator, we specify the application mode, names of depen-
dent variables and the nature of the problem; stationary(static), eigenfrequency, time

dependent(transient), quasi static, parametric or frequency response.
Options and Settings

This section reviews basic settings for example those for the axes and grid spacing.
All settings are accessible from the Options menu. It is possible to define material,

loads and constraints in a user defined coordinate system.

Geometry Modeling

e Either the model geometry is set up inside Femlab or imported from other
software in 1D, 2D or 3D.

e DXF fail format for 2D geometry.

o IGES fail format for 3D geometry.

13



Physic Settings
Material properties are usually defined on the subdomain.
Application Mode Properties

Application mode properties are global properties controlling the analysis starting
with which analysis to perform. Make all corresponding settings in the Application
Mode Properties dialog box, which you open from Properties in the Physics menu.

Application Scalar Variables

Application scalar variables are global variables defining an analysis. The Structural
Mechanics Module application modes have only one variable, freq, the excitation
frequency in a frequency-response analysis. To open the Application Scalar Variables

dialog box go to the selection Scalar Variables in the Physics menu.
Point Settings

We define loads and constraints on points in Point mode. Point settings are used in
all Structural Mechanics Module application modes, whereas point masses are defined

in the Beam application modes.
Edge Settings

Edge settings are used only in these 3D application modes: shell, solid, and beam.
In the Beam application mode we define physical properties as well as loads and

constraints, whereas the other application modes define only loads and constraints.
Boundary Settings

In Boundary Selection mode, we specify loads and constraints on the edges (in 2D)
or faces (in 3D). For In-plane Euler beams and shells the physical properties are also
defined.

Subdomain Settings

In Subdomain Selection mode, we specify the properties of the material. We can also

control the element to use from this dialog box. For all continuum application modes
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we can select the order of the Lagrange element. In addition, for time-dependent and

nonlinear problems we set initial conditions for subdomains in this mode.
Mesh Generation

At this stage the software meshes the geometry. We simply click on one of the Mesh
buttons in the Main toolbar; in other cases it is necessary to set some mesh parameters

using the Mesh menu and the Mesh Parameters dialog box.
Computing the Solution

To compute the solution, press the Solve Problem toolbar button on the Main toolbar.

We can specific settings for each solver in the Solver Parameters dialog box.
Postprocessing and Visualization

FEMLAB?’s powerful visualization tools are accessible in the program’s Postprocessing

mode, but to use them we must be familiar with the Postprocessing menu.

Steps to model and simulate using Femlab are stated below:

1. Geometry modeling :
e Either the model geometry is set up inside Femlab or imported from other
software in 1D, 2D or 3D.
e DXF file format for 2D geometry.
e IGES file format for 3D geometry.

2. Defining material data or material properties.
3. Defining constraint dan applied loads.

4. Mesh generation.

5. Defining type of analysis.

6. Computing the solution.

7. Postprocessing and visualization.
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Static Analysis

Below is a geometry and structure with height of 12 cm and 5 cm width. The top

portion of the structure is constraint and 4000N load is applied at the bottom section.

Model Geometry:

5 cm
—»
4 ¢m
4 ¢m
h
4 ¢m LX

Figure 6:

Material and element data:

1. Material is structural steel.

2. Top portion is constrained and load of 4000 N is applied at the bottom section.

3. Geometry thickness is 1 cm.

Note : All unit in Femlab is SI unit.
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PROCEDURES :

1) Model Navigator

1. Double click on the Femlab icon on the desktop.

2. Go to the New page in the Model Navigator, then select 2D from the Space
dimension list.

3. On that same page, select Structural Mechanics Module, Plane Stress, Static
analysis.

4. Click on OK to close the Model Navigator.

% Model Navigator

New | Model Library | User Models | Settings

Space dimension: 20 v
_A FEMLAB N
# _] Chemical Engineering Module
= |3 Structural Mechanics Mocule

= @ Plane Stress

® Nonlinear static analysis

® Static analysis elasto-plastic material
® Egenfrequency analysis

® Transient analysis

#® Frequency response analysis Description:
@ Parametric analysis Study the displacements, stresses and
® Quasi static analysis Strains in an in-plane loaded thin plste
& @ Plane Strain assuming plane stress,
% @ Mindin Plate | |Linear stationary analysis, both material,

load, and constraints being constant in time.
Dependent variahles: v
Application mode name: |ps

Elemert: fLagmnga - Quadratic bd [ " ]

e

2) Geometry Modeling

Defining axes and grid size:

e From Options menu, choose Axis/Grid Settings. Click on the Grid tab and
click once more on the Auto box to define axes or grid size manually. Set 0.05

for x, y and z-spacing. Click on Apply and click OK to close the dialog box.
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Create Points:

Using the Point button at the side toolbar, create two points at (0,0) and
(0.05,0).

Click on the Zoom In button at the top toolbar to enlarge image.

Create a point at (0.05,0.12). To do this, first, make a point at (0.05,0.1). Click
twice on that point. Object Properties dialog bix will appear. Choose 1 in

the Point selection and write 0.05 for x and 0.12 for y in Point properties.

Click Apply and OK.

X FEMLAB - Geom/Plane Stiess (ps) : [Untitied]

=
HH] - Peint sebecton: .
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Glle ¥ iz

=]

@

2
4 i) T | e B
a

!

o (3 01 015 02 0%

Adding point vith Label 'FTL'. -
AMding point vith label 'FT2'.
Adi ch Label ‘T3 -

e Similarly, make four more points at (0,0.12), (0,0.08), (0,0.06), (0,0.04).

e All created points are shown below.

18



. FEMLAB - Geom1/Plane Stress (ps) : [Untitled]
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Updating geometry object with lsbel 'FTS', &
Adding point with label 'PTY:
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€2 um

Enlarge Image:

e To enlarge image, click the Zoom In , Zoom Window or Zoom Extents

button placed at the top toolbar.

Create lines connecting the points:

e Click on the Line button at the side toolbar to make lines.

e To make a line connecting points 1 and 2, left click on point 1 and left click

once again on point 2. Then right click.
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. FEMLAB - Geom1/Plane Stress (ps) : [Untitled]
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Adang curve with label 'BL'.
Adsing solid with level ‘COL'. ~

Make circle :

e Make a circle at coordinate (0,0.06) with diameter of 0.04 m by clicking on the
Ellpise/Circle (Centered) button placed at the side toolbar.

e To make it easier, grid size will be reduced to 0.01. Click on the Options menu

and choose Axis/Grid Settings. Set 0.01 in the x, y and z spacing.

e Click on the Ellpise/Circle (Centered) button. Click at coordinate of (0,0.06)
and make a circle.

e Click twice on the circle. In the Ellipse dialog box, make sure that A-semiaxes

and B-semiaxes is 0.02. In the Position space, Base is center, x:0 and y:0.06.

e Click Apply and OK.
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L. FEMLAB . Goamn1 P lane Stress (ps) : [Untitied]
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Create solid object:

e Choose/click all entities (lines, points, circle) and click Coerce to Solid button
placed at the side toolbar. Use the shift button on the keyboard to select more

than one entities.

. FEMLAB - Geom1/Plane ps) : [Untitled]

SNENCPCNOR8HOFER[T AN -
H

o1 o am  om  am o oc2  ooe oo oo 01 012 0M 0% ot

Mding cllipse with label ' %
Mding el1ipse with label
o 3
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e The circle will be separated from the geometry to produce our final geometry.
Click on the Split object button. Then click on the Difference button. All
this button placed at the side toolbar.

& FEMLAB - Geom1/Plane Stress (ps) : [Untitied]
Flo ER Ot (vam Fyscs Mesh Sovo Posirocessng Mkphyscs thip
DEE& Ak Ads Q:ﬂ=g RLpEE TanadH T
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2 |
] £ \\__,/
£ o @ ;

o1 om 0m oo om

Adding ellipse wich Label 'EL'. A
AMding ellspse with label 'EL'.
Updacing ellipse wich label 'E1'. -

2 Prosedux Permodeban .

3) Defining material data or material properties.

After setting up the geometry, second step is to define material data or material
properties. For this problem, the material data is taken from the Femlab Material

library.

Click on the Physics menu and choose Subdomain Settings.

e In Subdomain Settings dialog box, click at the Material tab.

e In the Subdomain selection , choose 1 and click on the Load button to choose

material.
e Choose Structural steel and click Apply. Then click OK to close the dialog box.

e In the Subdomain Settings dialog box, set the element thickness as 1 cm by
writing 0.01 in the Thickness edit field.

22



e Click Apply and OK to close the dialog box.

X FEMLAB - Geom /Rlans: Stress (3) : [Untitiad]
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e
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)

4) Defining constraint and applied loads
In this third step, constraint ang applied loads will be defined.

Defining constraint:

e In Phsyics menu, choose Boundary Settings.

e Click on the line on top of the geometry and set Constraint in the x and y

direction by clicking on the Rx and Ry box.

e Click Apply.
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Y. FEMLAB - Geom/Plane Stress (ps) : femiab manual. (1
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Defining applied loads:

Click on the bottom line of the geometry.

Click on the Load tab.

e Make sure that the Edge load is defined as force/length is on.

In the Fy edit field, write -80000 N/m . Negative sign shows that the load is
downward. (Note: 4000/0.05 = 80000 N/m).

Stress. (pa) : [Untitlad)
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e Click on the Apply button and OK button to close the dialog box

5) Mesh generation

After constraint and applied loads are defined, mesh will be generated.

e Mesh is generated automatically by clicking the Initialize Mesh button. Mesh
size can be reduced to obtained better result by clicking the Refine Mesh
button.

e Now, click on the Initialize Mesh button placed on the top toolbar.

1% FEMLAD . GeomtPlane Stress (ps) : [Uniied]
Mot Ontirs Oraw Posts Wi e Podiroces. Mkstoecs Pt

DFES t Ak ALA R4=2 P PRt TRQADHP T
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o014
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01z
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o
"
o
s
o
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o0z
oot

om

e Mesh parameter such as size, element growth rate and curvature factor can be

change by choosing Mesh Parameters from the Mesh menu list.
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X FUMLAB - Goom Plane Stross (g ; [Untitied] .
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6) Defining type of analysis.

After mesh is generated, type of anlaysis need to be defined. Analisis bagi struk-
tur ini adalah analisis statik dan ubahbentuk struktur adalah dalam kawasan linear
memandangkan daya yang diaplikasikan adalah lebih rendah berbanding takat alah
bahan.

e (lick on the Physics menu and choose Properties.

e In the Application Mode Properties dialog box, choose Static linear as

the Analysis type.
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X FEMLAB - Goom1/Plane Siress (ps) : [Untitled) . .
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o Large deformation and Weak constraint are set off.

e Click on the OK button to close the dialog box.

7) Computing the solution

Click on the Solve menu and choose Solver Parameters.

e Make sure the Analysis is Static linear and Solver is Stationary linear.

Click Apply button and then OK button.

Simulation is performed by clicking the Solve button placed on the top toolbar.
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X FEMLAB - Goom1/Plane Siress (ps) : [Untitled) . .
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8) Postprocessing and visualization

In this postprocessing and visualization, analysis result such as von mises stress,

displacement and y displacement will be visualized.

i) Von Mises Stress.

e The result of von mises stress on the surface structure is shown below.
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Solurisn cime: 0.2
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ii) Structure deformation:

e Click on the Postprocessing menu and choose Plot Parameters.

e Click on the General tab. Click on the Deformed shape box. Then click
Apply and OK.

e The result of structure deformation under applied load is shown below.

. FEMLAB - Goom| Flans Stress (ps) : femlab manual2.fl

Fio B Opfkrs D Puscs Mish Sovo Pestproceiong Matichyscs Heb

DEES i hak ALAIRL=CR PLit Thonadd ®
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iii) Point of maximum and minimum von mises stress

e Click on the Postprocessing menu and choose Plot Parameters. Click on
the Max/Min tab. In the Plot Parameter dialog box, make sure that Pre-
defined quantities is Von Mises Stress.

e Click on the Max/min marker box to activate the marker. Click Apply and
then OK.

e Points where the von mises stress is maximum or minimum is plotted on the

geometry with the value.
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iv) z-displacement :

e Click on the Postprocessing menu and choose Plot Parameter.

e (lick on the Surface tab and in the Predefined quantities edit field choose
z-displacement. Make sure that the Surface plot box is marked.

e Click on the Apply button.

e Click on the Max/Min tab and in the Predefined quantities edit field choose

z-displacement. Make sure that the Max/min marker box is marked.
e (lick on the Apply button and then OK button to close the dialog box.
e The result is shown below.

e The point where z-displacement is maximum is plotted on the geometry with

its value.

e The y-displacement can be obtained by changing the Predefined quantities
edit field to y-displacement.
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v) Cross section plot of Von Mises Stress:

To see the von mises stress on a cross section, Untuk melihat von mises stress pada
keratan struktur, paparan keputusan perlu di ubah kepada paparan von mises stress
kembali.

e Click on the Postprocessing menu and choose Plot Parameters.
e Click on the Surface tab.
e Choose von mises stress as Predefined quantities and click Apply.

e Then click on the Max/Min tab and click on the Max/min marker box to
activate.

e Click on the Apply button and after that OK button.

e After that, in the Postprocessing menu, choose Cross Section Plot Pa-

rameters.

e Click on the General tab. In the Plot type edit field, make sure that the

Line/Extrusion plot circle is marked.
e Click on the Line/Extrusion tab.

e Predefined quantities is von mises stress and x-axis data is x.
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e In the Cross-section line data edit field, set x0=0.02, y0=0.06, x1=0.05,
y1=0.06.

e Click on the Apply button and then OK button.

e The result is shown below.
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The result is obtained using normal mesh size. Now, we will reduce the mesh size to

compare the result.

e Click on the Mesh menu and choose Mesh Parameters.

e In the Predefined mesh sizes, choose Extra fine and click on the Remesh
button.
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e (Click on the OK button
e Run the analysis by clicking on the Solve button placed at the top toolbar.

e Note that the analysis will take longer time compared by using normal mesh

size.
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Now, click on the Postprocessing menu and choose Plot Parameters.

Click on the Max/Min tab and the Predefined quantities is von mises stress.

Then, click on the Max/min marker box to activate.

Click on the Apply button and then OK button.

The result is shown below.
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e It can be noticed that the von mises stress value is different compared by using

normal mesh size.

e Now, using Extra fine mesh size, repeat steps above for z and y displacement

to compare the result.
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